(j^L^JI - oLui! ijjpJI LA£s 



^j^Lj^JI - cjLuil i_u>i!l kA£=i (jlaljpl - cjLuJJ i-upJI aA^-i 



^ all 

^ 4-»iL« ^ - ^ 

U ^UJI JaJlj ? U]| JaJI Y-^ 

u AhUJi (jjjSi r-^ 

Aj^J! iajjJill j ^I^jVI ■Ljj-ill £ - ^ 

W jl! j J J3kjll <Jjlaj 0- ^ 

Y • (jj jLaJ 

Y £ tliljjjiloll <J*^a aSjjIi Y 

YV ^jUloSI m*Ji Y-Y 

n usa ijLiiiaii iiVjU-B r-Y 

£V J»l£j]| (J-lc jl Jl Jj^j iLLalij <SjUo, £-Y 

£A ^Lblisll i^VjU-B o-Y 

£ 4jlrv J j£ AjLalij CjVjI*- 1-Y 

11 QljLaJ 



vo s^uui cjIjU-ji >-r 

A^ , a^a l xla l t jjft (Jjl jLuiaI! t — V 

A£ JDU^iVlj j-iM J»t— v-r 

A"l aJjaJI JjU-w £-f 

AH iaSLJ f.u»>1 (JjL— o-T 

•U ulM 



<\<\ f(y') = 't>jyual\ ^Jft ^iL^Uj Ctfi*- 

^ » ^ f( x , y') = Sjj^ll ije- ^Lblia iltfi*- Y-£ 

^ , V f(y,y') = sjj^l tjJe. ^jkblis ujV^U-* v-£ 

^ , £ ^jlj^V 5JjU-« £-£ 

^ , Y *lsU-« °~ i 

\ .1 LttJ^ 

^ ^ f <LojL* 

<pM <> ^UaJI 4}U\\\ 3uLbl£ll CjV^UJI Jjk o^J* ^ ~° 



. r . 



\TV 4c.j2L.4JSJ i-o 

\ 0< * UU^ 5 

m ^jLaiii]! jLji aJjI*- ^-n 

> A ) OiJ^ 

UY AjLbliuJI £jl ja>V *bl«-» Y-1 

oiM 

cvui <>»u r-n 

Y • Y oi jLoj 

Y.o a,jLU s 

Y.I CjLu^u Y-V 

y , v r-v 

Y.V aLjIJI j^k. JjJ £-Y 

Y \ o OiJ^ 

Y ^ «\ 4^iL» ^ -A 

YYY 4cj2la4S<J Y-A 

YH lhJ-* 3 

_ r _ 



him ifijkcy U^uai ai^xA\ cAiuk; : £*m ajt 

Yr© djiijiija— 

vtr jSijJ jsu. y-<* 

Y £ A jiLlI r-1 

Y«r JjkJI t i-^ 

Y (Jij\*£ 

Y'U Umjju ^ . 

Y"U L{ } oolja. Y-1 . 

Y V ^ 4 uhStJI (Jji^jV Cj^Ljsm V— ^ < 

YVr CAiLi-H o-^bV C^bj*j £-1 • 

YVO ■. O^bV Jjjau CjliuLu 0-^ . 

Y A ^ , jLcj 

Y*\r ,. 3u£. ^-u 

Y1V jjLIj ^...U. AjjjL Y-n 

Y* • Y s (jaj&ijjS 4£jj$a 

Y* ^ £ ^jj jLu 

ni caassiijj^ 

™° • 

- 1 . 



^ lj CjjjI jj j AjLbliiill CjjjLj j . 4jc.Lua.VI j AjjL-euSVI ^ jlaJI 

4jka. (lul£ »t jmi Ijia. (jjL j AjLialijll ^ilU-all (JJjSj 4jij£ ll^bjc. t_Aj£]l I jA ^ j 
4iLja'yij 11a 5 SjjxLa AjjIj C^LaUua vlll jj 4jj j jjx 4 ihiK'u JJC. ji 3 mil V)« 
. JUta-all ^jjiVfiB (jia*J JjVl AjjjII <> A^kxll jjc. CjV^UJI <Ja. 

Lkbjft jiifr (j-llaJI (_Aj]I j^flj AjtfjJajj (J-^jV Cj^jjaj jjiUli cJjII J Lkbl fj 

ftj& JjLoixj t-itSH UjjJ US . <i£L>Lua1I ^hVmL 4uL«tij]| c^VaUJI Ja. 4jaj£ 
. ^Lulap ixUl ^I^u. 4j*laj| SjUI ^jSj ^ J^V 1 



_ _ 



-1 



y(x) jSj-Jj £jtS Jjilo J X (jSJj (J5^» JJ«J-» <Jj\*** AjLiiUull AbLbJI 

: 4^1*11 Sjj*^x!1 ^Jc J\ y', y", ^Lbliall CjISSJUM t> jaSi ji jj 

*y*. = 

. AaLbUu 4iiU* ^ AhUJil o j 

rf& til ui 

dz dz d 2 z 

G (x, y, z, —, —, — -, ) =0 

ox ay ox 

y" a + 2y*-5y = smx (1) 

y' + xy^x 2 (2) 
d 2 z . d 2 z dz 

— z-+2xy + =x (3) 

dx dxy dy 

4__bU- (3) Uiu Aji\£. 4uLiili5 <hl*- L^lo Sl£ (I), (2) (jiSblxJI J Jt^Li 



J .L j-^5b 4±>U*1! J-U- Jbl (SjS) 4a ^ : Degree «J JUll 4*> J 

: JO* 

JL-a.joMj AiM 4jijM <> (I) Zk\*Jt J 4isLJ iULbl&il Cj^jUJI 4t>«-« i> 

2LLbUi ^ alu-j U 4 j£\ a^jii j ^ jVi uj\ 0* (2) *w*-n u# 

_— 

. y =(5 - 2/ ) ^ =0 UiU-J 5a jjj 

? 1 iu vtsii 3a.j^ii j ajjiiii a^jii t> ajjUJi 

<_J.iUJ] =y( x ) 4_JUI t5 -_ J u£ : Solution ofD.E. iul ihtllill 

: CiAS I jj F (3c, >>, y y, /; = 4jlu.ua!! 

F ft .yfcj, / (x) y <n) (x)) = : Ji AaLblioll aJjUJI ^ (Y 



- u - 



CJac ^/'+j/ = AjLiliii]! Vdas&^yfr) = c sin X Ji £id 



y(x) = c sin x, 



y'(x) = c cos x, 



y"(x) + >>^ = -x sin jc + x sin x = 



y ' (x) = -c sin x 

• tj'i <^> tfic j 



Jj c tij-aa. In y + — = c , y> (1) J 

y 



(y-x)^r+y=o 

ax 



■(2) 



: J aJ 

x <i*4jJLi \ny + — = c ^jia J-^U'd 



1^. 



+- 



=0 



^ y 2 



* + -Uo 

etc y 



7*0 



(y-x)^+y=0 
ax 



(Y) ahU-llJ^) *bUJI J J 



- H - 

: General Solution and Particular Solution gfilalf djalfj f»l*JI <J*1I -T 

5_^jLiiiVI <1uI_jj1I <> « <j Ja> jA « iiijJl <> ibLusliS Ji*J f LJI Jill 

<_ia». (jl jA (j-aUJI JaJI Lai 
. SAia-. juL ^UJI JaJI J *jjUa.VI vIjjI ^11 ^ <_)^jj«j]Ij ULaJ J^aau j 

: an* 

= c, + c 2 e 2 * + c } e 3x uj^i y"'-5y' + 6y' = <_bUJi f L->Jt JaJI 

^jLjii.1 (lyl^ a, c 2 , c 3 

l JjmJI (_Jt AjuoIsJI JjlaJI jjt AaJ j 

^ n ^Jc a«d*J JaJI (illj Oaij 4 aj AiSjll <jx Ajiualij <hU^J JjJI JaJI UJaci |jl 

: Sjj«Jl Jc ^jluaVVI CdJ® 

F(x,y,ci,c 2 , ,cj = (I) 

^ U» Jl JaJ] 4 jl> rtlttll 4liLvJI ^Jc J jj-oaJI j t <LjjLuakl dul jji C;, Q, , C n 

CjULuJI ibU« /? Jl AiLis/l) aIjUJI jjc S jIjc CjV^UJI t> «+/ UjaI (jjia 

AJi*JI Jb Jj-oaJ Iji. j AjjLuiVI CjjI^II (j£-J dllijj « UiSt Jll 4jLbliSl| 



- \r - 



y = c sin x 



(1) 



: J— *a 



>> = C COS JC 



0; 



JUjlkJ AjkbliuB UsU-Jl f;; ^ ^ 

._y'=_yCOtX 



y smx 
y cosx 



: .lia-ll ( ->vVu,n ft) , (2) o* C <-iiaJ <j£-J 

=0 => >>cosjc-/ sinx=0 
• '• y' = y c °t x 



2x 3x 

y = cie + c 2 e 



y = 2c,e 2x + 3c 2 e 3x 



y" = 4c,e 2x + 9 c 2 e 



J* 



W 



: j-» (!) (Ji rt l iTn 
G> 



0> 

: c/, c 2 



- H - 



„2x „3x 



y e e 
y' 2e 2x 3e 3x 
y" 4e 2x 9e 3x 



= 



y i i 

/ 2 3 
y" 4 9 



= 



y (18-12) -y(9-4)+y'(3-2) = 



y"-5y' + 6y = 



y = ci + C2X + x 



^pll iuLbl&ll ^ J 



>> - x — Ci + C2 x 



: Sj^l Jc JaJI 



_y-x 2 1 x 
y-2x 1 
/'-2 



= 



/'-2 = 



^ /' = 2 



- \0 - 



Initial Conditions and Boundary Conditions 

(j j>T) (jl t ^ )■> j ^jll JajjJlII (_)ia«J AjjlsJI ^jli <ti fiB CjVjt*-al! (JjIjola ^j^jju ^ 

: JO. 



. y(2) = 3 Ja>UI t5i»j (jiJI / = 2jc *H*JI <_U ^ji 

. J = 4 + C C = -7 -la >ill ^ ^PsjjsjJU 

y^; = X 2 - 1 s-> ji^i JaJi •• 

Jajj 

jUajjill (jl^A j t (jbaLijI <jUaj*S J ja*j jjJJjIjII Jj-iaJil ^ jll-y lil < (jjjjliiaJ 

Initial Value Problem AjSIjojVI 4-<uS]I <lL— AjjI^jVI AiL-ayLj 



- n - 

JajjJiM iliilS y(x,) = y, , yfrd = y 2 o&laaj *c c$±j£b ls LcS I j| — Y 

^UjSII AJU- Aj^aJ! I>jj^l J) ^L^yL AjLbUin AhlxJI C^u.j t 4*1* Uajj-S 

. Boundary Value Problem A^iaJ 

^ y 3J j^JI Alloll ^ Jl jVl (> AjLbliS aLUJ ^.UII 3 jj^alt : <Ua 



P(x,y)dx + £?fox>«&' = 



y" = x, y(0) = l, y'(0)=-l 



y = — x 3 +c. x + c, 
3 6 12 

. slluuJI fUl JaJ jLu csill 

, 1 2^ » 
2 1 

?<o) = -i -» -i=c, -> c,=-i 

y(0) = l -> l=c 2 

*3-x + l 



- 1 v - 



y(0) = 2 , 



y(0)=2 



y" = 6x + 2 
y(2)=8 



AjLbliull Ahlutll qoUJI JaJI .la. ji 



: J *JI 

: iaJ t x 2+jl!L (j&jA aIAjlA J jL J*1£jj 



2 = B 



8=8+4+ 2 A +2 



A =-5 



y = + - 3jc + 2 



-0 



y'=f(x.y) 
y(xa) =y ■ 



(1) 



.(2) JliLVI (>3>j 



- u - 



:R Sjoa-JI Alkali <SkiuJl ^ AijxJI/^c, ^ AJIjII lilj 
2? : |x-x | < a , \y-y„\<b 

. |/(*,>0|<A/ 



9^ 



< AT <J ^ aJj-la^j y ^uailL ^jjjaw ASiiiui l$J / (3c, ^ -\ 



. /?=min(a,^^) djj*. ^ \x-x n \ < h 



>' = x 2 + y 2 ; y(0) = AjSIjojVI ^iLuJ] Ap, j Ja. j ja. j <1»*j! 



• J ^ 



x,y ±^ Sj^S 5Jlj/(3f,>;; = x 2 +/ J d 



a, b >0 tin 



cffl (0,0) o _£ >• c5^l ^ JjVi'i.kiW uj^ 



- \<\ - 



|/(*,j>)| =U 2 +;y 2 | < |jc 2 | +j>' 2 | = jc 2 +jv 2 =M , /i = min 



a,- 



a 2 +b 2 J 



J\ h = min (a, l A) J •*?-* a = b = / I jli 4 a, b ^Jc- A y'l c/' 

tjSau |jc| <'/ 2 S JSill w ij*ijJ a .y/ = x 2 +/ JtSlLj i h = 'A 

. y(0) =0 i jM 



- Y . - 



/; /"-ixy'+^e' + i 

^ cos 77 =/ 2 + / 



3) 



2 d 2 t dt 



ds 2 




ds 


& 


5 


(dy 


dx, 




K dx 



+ j> 3 -jt=0 

7; *2/ + 5y = 
2,) Jt>>' + sin 7 +y = 3 

3) ±±y-dx+3dy=0 
x-y 

4) dy-dx = 

7j >> = a x 2 - bx + c 

2) y = ae 2x + be x 

3) y = a sin 3x + b cos 3x 

4) \ny = ax 2 + bx + c 

5) y = Ae x + Be 2x + c e 3x 

6) y = ae x + b 



ax 

M (x,y) dx + N (x,y) dy) = J 

: Sjullall (Jjiall ci- 1 *'] j»^aiuu <JjU-*ll ai* Jj-» 

: Separation of Variables £iljtifc*M ttdjla -t 

: JaJI jjliS j*SU-ll ^ VVWi * J^l 4jLc iu <bU-JI JaJj CiSiaJ 

jf(x) dx+ jg(y) dy = C 



- tt - 



. j»l*J! (JaJI (J&J> t-iim/i ttU*> i ..-•>. ojjj-a ^1 ^lc. 



e* cosy dx + (1 + e?) smydy = 

: J aJ 

J' <t>'i^ cos y (I + e x ) (jic Si hw «ll ^libtJI ^gijh ^UuiL lilljj < cA jjiiJI J. 



e , sinv , . 
-dx+ —dy=0 



\+e x cosy 



In (1 + e x ) - In |cos>>| = In c 



hfi±O.In e 

COSM 



7 + e* = c |cos y\ 



jA <JjU-J1 ^UJI JaJI jjSj lillijj 



x = ft y = Cfi- o^y^i 



.: l + l=c 



c = 2 



1 +e* = 2 \cosy\ 



- to - 



1 + y 

xydy t-r-dx = 



(1) 

(1, -3) j-j (1) 4bUJI £ 

: J ^ 



: (a$ ic J > 1 till jjilxJI tij-a4J 



1 1 , dx = 



l+y 2 x(1 + jc') 



xQ + x') x 1 + jr 



A+B = 



1 =A(1+X2) + (B,x + B2)x 



5/ = -7 
7*2 = 



x(l + x 2 ) x l + x' 





: Sj^^ll ^ AhU^ll 



7 + >> 



jdy- 



x 1 + x 2 



dx = 



- n - 



% In (1 +y*) -lnx+ V 2 In (1 +x 2 ) =lnc 

: J J\ 



(l+J)(l+fi = 20J 
l-19x 2 + x 2 y 2 + y 2 = 



1 1 



/ + e'j = <?V : *H~1I f^l JaJI 

: J aJ) 

e' dx= ^ dy : .Jc J.^Vi ililuiiall Jj-aii £ 

\i( 11 W ^ " ' 



y-\ y 

-e*.=ln \y-l\ - In \y\ + c : J. rt Vi j^UJI JaISIL £ 

... ^1*11 <J*JI jA j 



Homogeneous Equation ijullhlU <i jliftlili H 4JjUll -? 

M(x,t)dx + N (x,y) dy = U^iM <bU-3l J JIL 

: yL Laic i Aaj^II yaij y* A.ntU'lo <3ij Af , iV {>* t_J^ yl£ lij 4 iiulVu 

« y* <CmuLsJ1» (x,y) 

f(Ax,Ay) = A"f(x,y) ,XeR 

= x 2 + 3 xy -y 2 => f(Xx, Xy) = X 2 x 2 + 3X 2 xy - X 2 y 2 = X 2 f(x,y) 

. 2 "UjJ j< a hi'iWhU f (x,y) . 

2)f(x,y) = => / {Xx,Xy) = X2 f - X Y '' =A%f (x,y) 

jx +y sjAx +Ay 

. 3/^ Aa, y* <jouU>1« f (x,y) . : 

' ojy^a\\ ^jlc. £>-j*ji yl (j^j ^ mil Vl<i1l -^aL-bliil! 4A}LlaH y]i tdli ^yle 

^ = _ M(x,y) =/(X)>;) 
N(x,y) 

• f{x,y) = f {f y ) u*~» i> 3 J 

M,N y- J* Cm\£, fjsl ^uUl. yjS M(x,y) dx + N (x,y) dy = 4A^UsM <bUJI 

. will 



- TA - 



f^<^=Xi/v + Vfi6f (jJtiJUj >> = XV til = V (Jiupull ^Vwni ^UJI » .J 

X 

. US Jau fj t UjI J*-oa aH*- ^JJ 4lal**]l Jjaii 



fx 2 +/; <&-2xyc^ = : *H«-U r U9 JaJI 

: ^ >fl 



. : (3r +vV; dx - 2x 2 v (vdx + xdv) = 



(7 V; <£c - 2v (vdx + x dv) = 

. : [1 W-2v 2 ] dx-2vxdv = J J 

.: (l-v2)dx-2vxdv = J\ 
1 2v 

— dx—- -r = ,_lc (Jjuoai till uiioll (JjJaL o 

X 1 - V 



- u - 



x[l-Zj]=c S-^^cx 

X 

y = : ALU.*!] A^Ull Sj>-a]l Oa. ji 

: J 

y = vx <= (— ) = v £-<J=u i Au'^u <bUuoil (j) i,*n-\ 



X 



'A 

x 



.". y* = v + xv" 

/. v + xv* =f(v) ) xv* =f(v) - v 

dx JK 

dv dx 



/(v)-v x 

'/(v)-v f 



2xY-y(2x+y) = 



: Ja. ^ <LLoJ) AaouII fO&U 



- r. - 



: A aJt 

? !iL»l <uijUa* 4LUa1I 



/ (v)c=v+ i v 2 ^ f( V )-v=y 2 v 2 



\~-j = \ncx 

.: — = lncx 
v 



— — = lncx : J ,J\ 



— = Ince => -2=lnc+/ 
lnc=-5 => c =e -J 

= -J+lnx <><*LaJ JaJ 



2x+ylnx = 3y 



- n - 



Ojje +b 2 y +e 2 ' ^ 

: iluljj a/, 6/, c/, a 2 , b 2 , c 2 <Aj»> 

: J yy (l) ajLAM *i>UJI jla C/ = c 2 = eft I \l 

dx a 2 x +b 2 y 
aix + biy + c/ = 



a 2 x + + c 2 = 



(3) 

Six ^jic J£ (jjalUJI jjiaUiui till j! j 



- n - 



*0 or ajb 2 =b^a 2 
y = v + k , x = u + h 

^1 = — <jli d&A duljS A, it 

dx du 



dv _ apt +bp +{a x h +b x k +c,) 
du o 2 t< +b 2 v +(a 2 h +b 2 k +c 2 ) 



ajh + b]k + cj = 
ci2h + b2k + C2 = 

till j^ilol! cl"-^ J 5 ^ AjLjalij <bU_Q AjiLilijJI AljUu«M Jjauija V = ZU (jiujatiSl 

U =X-ft, V=y-k «, V t> cJS (Jc <iU j Oju (jiijai £ Z = — (jiaJj«j]l f iVimi 

. (7; ^jLa^ 1 <LsU-Jl <JaJI J.nV* 

. 4.1 jK nit <EL»Vl ^ J^> « ^ S-i» 1 ».« (jVlj 



- rr - 



dy_ = 2x+y-3 . ^ j^j, ^ J 

cfcc x +y -2 

: J aJI 



: (j^Jjaull ^ lVu.il (7,7,) ^JaLSSlI <laaj jl ^aj jjabln-JI jiiU Jajj (jUJalSla 
X = W + / 

y = v + 7 



: ji 0=0 SUa«.JI AjLjaUill <bl*JI ^ Q^yuhj — = — jl l$i»J 

aV 2(m+1) + (v +l)-3 



du u + 1 +v + 1 - 2 
2m +v 



u +v 



1 '< j v = UZ t>ayj«jll - '''-*■■''' u, V ^ 4 »*nl Vu <uLiat& aJ^Ul^i o^A j 



aV dz 

=V YZ 

du du 



dz lu+uz dz , 2+z 
u — +z = => u —+z = - 



-ri- 



ck 2+z 
du l+z 



2+z-z+z 2 2-z 2 
l + z l+z 



l+z , rfw 

r-ar = — 

2-z 2 u 



J 2-z 2 J « 



z dz 1 , 2 , 

= In 2 - z' + c, 

2 I I 



2-z 2 



,1 f-^-r J-IS3U 4juuu!Li 
s 2-z 2 ' ' 



: J^- iWj liila <ujaJI jj^l JaiinL, f_fL_ J,\S3U 3 , 

J 2-z 2 ' 

7 



2-z 2 (V2-z)(VJ-z) 



VJ-z V2 



+z 



- To - 



dz 



/4 



In 



+ 



2/ 4 1 1" 



VJ + z 

■J~2 + z + c, 



+ 



In 



42 



+z 



-— ln|2-z 2 | = In|«|+c 



C= Ci + C2 + C3 ilu 



v 



^-1 



--ln2- 



= ln|«|+c : jA ^Uit JiJI Ojli z =— (jSlj 



jA SlLxJI *bl*J] ? UJI JaJ jjlja u=x-l, v=y-l tjSl j 



<JI(x-l)+y-l 



4l (x -l)-y +1 



-Lin 
2 



2 (x-jy-(y-iy 



(y -')' 



= In \x -/|+c 



ate * -1 ' r 



: J 



: ^ (2, 1) ^ ALL J .iaJ j^LL^l! J^j < (jULtfl. 

* = « + 2. , .y = v - / 



<fr _ »+2+v +1-3 
du u+2-v-l-l 
_^ dv _u+v 
du u -v 

. v = uz o-ojjjuII (iiVimi «, v (^a ^uUi. ijLiUa » jft j 

: \^1aj 



dv dz 
— =u — +z 
du du 



dz u+uz 1 +z 

u — +z = = 

du u -uz 1 -z 

_^ dz 1+z 1+z-z+z 2 1+z 2 

=> U = z =■ 



r dz r z dz tdu 



tan"' =-yIn|/+z , | = In|M|+c 



du 1-z 1-z l-z 

1-z , _du . 

. i" 2 : <J till <J*-aLj 



_ f y _ 



u 2 



In/ 



= ln|w|+c 



v=y-l , u = x-2 u^J 



*-2 2 



/ + 



x -2 



: > SUa*-ll ^Lblijll ? U1I JaJI JjSai 

= lnU-2|+c 



: J* ti JJ® 

ai b 2 = a 2 b t 
z = a/ x + b/y or z = a^x + 



<fr _ * +7 "5 



x+y-5=0 
x+y+ 1 =0 



: Jit 

: J — r-*! 



- rA - 



dy dz , 
2 =x +y => — = - — 1 
dx dx 



dz j _z -5 



d&c z +i 

cfe z -J , 2z — 



dx z +i z +i 



[ Z dz = [dx +c 
hz-4 s 

=> — z +— In z -2\ = x +c 
2 2 1 1 



1 3 

-{x +>>)+yln|x -y -2\=x +c 



dy 2x +y -1 



: <pua u^m f uit <>ji ^.J 



dx Ax +2y +5 

: J >J1 

2x + y - 1 = jLuSL-udl (jl Ja»!>Lj 

4c + 2y + 5 = 



ify dz . 

z=2x+y => -i- = 2 

dx dx 



- n - 



dz 2 - z ~ 1 
dx 2z +5 

dz z-1 , 5z+9 

=> — = — ■ — +2= 

dx 2z +5 2z +5 

: ji ^aj (J*l£ull j till j^iiall (Jmi» 

f^ z dz = fc£c +c 
J 5z+P J 

: 

2 7, i 

— z + — In \5z +9\=x +c 
5 25 1 1 

: jA slWJI <}LbUSJ! UiUJl JaJI OjSjs z = 2x+y O^J 

-(2x +>>)+— ln|i0x +J>> +9\ = x +c 

3 23 

Exact Differential Equations 4*UII ihlrtlfhll QfrUll t 

: Sjj-al! Je. jjSj /(3c, y) *M *-J5B <LbliSll 

etc dy 

df(x,y)=%-dx+y-dy=0 (1) 
ox ay 



f(x, y)=c t#l* J J df(x, y) = 

. AjLaUuM aLUJI lip] rf& I jji 

M(x,y)dx + N(x,y)dy = 

: lij A-bll (7; iiiU-JL. Aj jtiJL 2ul2 OjSj l^jla 
T U3 (2) aLUJI OjS ^ ,5 jj^-ll J.jjai U uVI J >J 

aM a # - 1* ™ -.1 tl 

— — = : «a <uti /2) aLUaII 

a>> a* 7 

ftc ay 

. vlulj c <ii»a. /fo y) = c 1*1* ujSjS 

%- = M (3), %- = N (4) 

ax ay 



- £\ - 

. x JA V-illj (3) *M«-!1 Je pi jaL 

-./(x,^)= jA/(x,^)&+^»0') 0J 

. x JA CjjIj jl.lL. 0>(^; Ji .LOLi iiu 



qV qy J 

qy J 



? (bU) ... Jaiaj, J 4Jh Lib SjaSM aJjU-JI J <>jVI jWI J 

: dya. 3JIj]I JLi gSIL-j t >> ^UmuIL Sji^Vl J J-ISjjj 



<p(y)=jN(x,y)dy-f{ — \M(x,y)dx 



dy 



dy =C 



(6) 



1^ 



tffr 2 + 4ry <fr + f2x 2 + 2xy - 3y 2 ; dy = 



M(x,y) = 6x 2 + 4xy+y 2 
N (x,y) = 2X 2 + 2xy -3 y 2 



dM 
dy 



= 4x +2y 



dN_ 
dx 



= 4x +2y 



dM dN f 1 



dy dx 



A 

^M(x,y)dx =2x 2 +2xy 



dy =2x 2 y +xy' 



2*-* + 2jc 2 >- + x/ + 2x?y + xy 2 -y 3 - 2x 2 y -xy 2 = C 

: J tfi 

2x 3 + 2xV + x/-y =C 

. 2LJ3B 2uLal&!l *1>U-U ? UJI JaJI > 



JA/ <£c + jtf ^ - J ]n dy 



dx =C 



. ^UuUl. aAAZ jUcL> 4k c£*i j^Vl JliJI : (X) 4&£fcW 

.•.—— = 2 , - — = 2+21nix+— 
cy dx y 

— AbLuJI ^ jL uj j*iu jSl 

X 

: 6 j^uail Cff lc ^u-oj oUax^ll AlilnJI jj JJaj 

(ix 2 +^->ic+(21n3x+— =0 

dM 2 dN s 
_^ = _ = a' 

cy x ox 

. aLU-JI (J*aj (jill (integrating factor) J-ISjII 

: /fcvJ J*fi*JI J*U 4UjJa -i 

<_jjjJaj 5-atj jjc (3cj>) dx + N (x,y) dy = Alila-all Clul£ lil 

• x, y ,J J >j /, M, JV dua. c JU3 /MflEx: + /tfrfy = aIjUJI J ^1 
d(/M) d(M) 



dy dx 



:.IM y +I y M =IN X +I X N 



J: dz ^ 
l[M y -N z ] = I x N -I y M (I) 

I(x,y) J-l&M J»l*J CjVU JS»3 <ji\ 

:I(x,y)=I(x) (S 



/ =^ , 7=0 



l[ My -N x ] = N<£ 



I N 



: (I) 



In / = Jp(x)a6c 



• I(x,y)=I(y) 



— M 



- to - 



(3x 3 +2y)dx +(2x \ri3x +—)efy =0 

y 



: %LU*1I Ja. .la. jt 



: J aJt 



: uj^ A/=3x j +2>> , N=2x\n3x+— o± 



M y =2 , N x =2+2ln3x +— 

y 



M-N x = -(21n3x +-)*0 



M y -N x _ (2\n3x+y y ) ; 



N 



x{2\x\3x+y y ) x 



= — = p(x) 



I(x)=e s ' =e- ,ax =e * =- 



*L l_ 
x 



: OS] 



(5x 2 +^-)ox +(2 lnix +— )dy =0 



M=3x 2 + 



2y 



N =2\n3x +— 

y 



X 

$Mdx **x 3 +2y lnx 

V 

jN dy **2y \m3x +3 Iny 
= 2 lnx => 



dy 



f — \hf dx iy =2y lnx 



x 3 + 2y lnx + 2y In 3x + 3 Iny - 2y In x - C 
x 3 + 2y In 3x + 3\ny = C 



y (2x+y) dx + (3x* + 4xy-y)dy = 



M=y(2x+y) , N =3x 2 +4xt-y 



My = 2x +2y 



N x = 6x + 4y 



M y -N x = -4x - 2y = -2(2x +y) * 



; JO* 



: J aJ 



- £V - 



-M -y(2x+y) y 

y 3 (2x+y) dx + /#x 2 + 4xy -y) dy = 

M=2xy 3 +y 4 , N = tfy 2 + 4xy* -y 3 J <>»>«jj 

\Mdx = x 2 y 3 +xy 4 +xy 4 , — \m dx = 3x 2 y 2 +4xy 3 
J dy 1 

:. y ^)MdxY=x 2 y 3 +xy 4 
fydy =x 2 y 3 =xy< -jy" 



x 2 y 3 +X y'-Ly< =C : J*1 

4 



- £A - 



^+n*)y-G(x) (D 

— + a(y)x = p(y) 
dy 

M = P(x)y-Q(x) , N=l 

My = = 



I = I(x) = e N =e mx)dx 



. 3-13 jLu-j I( x ) ^ <bl**]| ^ jL (_i 
e"™ * i>(*);>/ + e SPM * dy = e" w A dx 

: Sjj^ll Jb aJjUJI Ja. ^ tUj o*J=l\ J-lSLj 



-^+a(;y)x = /?(>;) 



K*)y = GOO + C : Jb US JaJI JiS J^s jjS-jj 



*A»JI iijUJI Ja. Sj>-a ^USJ jS^j 



/(>>) = e'" 00 * : j* J*l£]| J,le j < Cut2 * 

: J aJI 

^ + P(x)y = Q(x) (1) 
dx 



- o . 



& + ±y = x 2 (2) J J 

dx x 

J ^ (i) , (2) * jiu 



P(x) = - , Q(x) = x 2 

x 



1) jP(x) dx= \-dx = \nx 2 

.: I(x) = e SP(x)dx = e Xnx ' = x 2 

2) \»(x) Q(x) dx = jx 2 x 2 dx = jx'dx = -j x 3 



Iy= jlQdx + C 



x 2 y = —x 5 +c - d 

* 5 



: *hU-lI fUll JaJ 

. X=3 Uiic y=7 J (jiaj t^jill o-alail (Jail ^.ji ^ 



(? I iU) x ,J iU«B 

4f 



- 0} - 



: j^lt Jjuaai (y+y2) dy ^ aJjU-JI ^ jL 

dy y + y 

y + y y + y 



: J jaJ (1) , (2) 4j 



I{y) = e J ^ = e-*^^ = = 

>> +y 



700 x = J7(>>) /?(>>) flfv + C J* u 

7 1 +c J J 



x = -■ 



y+y y+1 
.: x = -y + C(y 2 +y) 

3 = -l + 2C => C = 2 

x = -y + 2 (/+y) : J* UJ^iJ 

2y 2 +y = x } 



- ox - 



Q1 l r-|\l ^1 j]| jA 



dx__l- 3xy 1 3x 
dy y 2 y 2 y 



dx_ + 3_ = J_ 

dy y y 2 



I = e <* =\ny 3 =y 3 



: J ^ 



jA (J^l^oll (JxIaaII (jjSjj 



/jc = \lQdy + C 

y 3 x= j-L y 3 dy + C = ^- + C 



: JO. 



— +—x = 4y + 3 
dy y 



- or - 

Z <jLbtfifl Ak\ju& JaJ 4?J 

: J aJ 



P(y) = - , Q(y) = 4y + 3 

y 



I = e 2i l' fy =e 2^ =e ^ =y 2 



Ix = jlQdy + C 
y 2 x= \y2(4y = 3)dy + C 
= y'+y 3 +C 



2 C 



- oi - 



Bernoulli's Equation {gJA&ji -1 



JySa. aic „ t J] jj jj n±0, 1 



ax 



dfr dx: 

: J' J?j r ^^jj (jet. tjotyulYj (-n+1) J (7; J jks^o* -T 
+ + ^) /><*)z +7) 0(*)> 

Act 

/(x)r= J/(x)?(x)<k+C : j* AhUJIJ* -6 



- 00 - 



/(*);/-"♦' = J7(X) <jr(x)rf* + C 

/(x) = e" (x) * 



rfy + 2xy dx = jce -Jt2 y ^ 



dy « _» 2 i 
— i - + 2jc>'=xe _y 

ate 



dx dx 



fife -2 

Axz-lxe 

dx 



CDC 



p(x) = -Ax 



- o\ 

q(x) = -2xe xl 



jp(x)dx = -2x 2 
I(x) = e- 2 * 2 

jl(x) q(x) dx = je~ 2xl (- 2xe~ xl )h 
= -2\xe- 3xI dx = -e- 3x2 



I(x)z = q(x) dx+c 



e z = —e +c 



y 3 



e x y' 2 = — + ce 3 
3 



: j jSji r = y 2 (ji <^^j 



<£c I x 



4>L 

dx 



fl+i] 



>r'=-2<? x 



dx dx 

^ linn Z 

* f 1 «> * 

— + 1+— z = 2e 
dx { x) 



dz_ 
dx 



+ p(x)z = q(x) 



\dx = x + In x 



/>(*) = 1+- 
x 



I(x) = e x+,nx =xe x 
jl(x)q(x)dx= \xe x 2e x dx 

= \2xe 2x dx 



q(x) = 2e x 



u = 2x 
du = 2dx 



dv = e 2x dx 



1 

v = — e 
2 



7x 



\lqdx = xe 2x - \e 2x dx = xe 2x ~e 
I z- ^Iqdx + c 



xe 2x z = e 2x \x- 



2) 



+ c 



z * y 1 J £ 



Ricatti's Equation ^ISdj UiUk» -V 



^- = P(x)y 2 +Q(x)y+R(x) 
ax 



a (jjlSjj <Llau» 



. Ja43 * ^ J P, Q, R ilijA. 



P(x) = 



Laic ^iki. ^aj-oj (7; 



• yi = yi( x ) *— * L^ 1 ^ u» t>* -^V <jj&}j 



y = >>/+- 

z 

dy _<fy, 1 dz 
dx dx z 2 dx 



' 7" 

yj + — 



+ fi(*) 



^ + - 



^L_4_^. = p ix) yi +2 P( x )y l l + P( X )J T + Q( X )y 1 + Q(x)- + R(x) 

dx z dx z z z 



* * f 



- 0<\ - 



z <£t z z z 



^ + (2P(x) yi +Q(x))z = -P(x) 
ax 



2x 2 -^ = (*-i)(/-x') + 2xy 



y = x + 
z 



<£c z 2 cfac 



^ISjj *LUJI J d 



- 1. - 



2 X 4 1 - z - 2 = ( X - i)L + -f - x 2 
V dx) z 



+ 2jc(jc + -) 
z 



— + \ + 2x 2 + — 
^ z z 



2x 2 -2— — = (x-l) 
z <cc 



• -2——- — + — - — - + — 

z 2 dx z z 2 z z 2 z 

dz 1 1 

.'. — = -z + — - 

dx 2x 2x 2 

. ffe +2 = J j_ 

" dx 2x 2 2x 



dx 



+ p(x)z = q(x) 



p(x) = \ 
jp(x)dx = 



<7(*) = r 



1 1 



X X 



jl(x)g(x)dxm\^ T -^- 
J 2 J yx x J 



I(x) = e x 



dx 



1 

u = — 

X 



dv = e x dx 



Ujs^L l—dx ^jj 
J x 



du = dx 



v = e 



\l(x )q (x)dx = l j£L*-£L-j£l A 



111 

2 x 



- "U - 



I(x)z = jl(x) q(x) dx + c 

:. e z = + c 

2 x 

1 1 1 

y = x + — => — = y - x => z - 



z z y - x 



+ c 



y - x 2 x 



x 2± = x 2y! +X y-. 3 

dx 



: JO. 

fUll JaJI JaJ 



. IgJ (J-aU. Ja. y = — d 

: J jjl 

etc xx 2 

^ = P(jc)/ + g(jc)^ = R(x) : ^ j cs*J 

— + (xP(x)y, + 0(jc))z = : '<M% <J. Jj^ 2 «3M 
dx 

P(x) = l Q(x) = - y,=- 

x x 



1 1 > 

y = — + — <-y* 
x z 



<& JC X 



dz 3 

— + — z = -7 
dx x 



^- + P(x)z = q(x) 
dx 

3 

p(x) = — , q(x) = -/ 

x 

^p(x)dx = J— dx = lnx 3 

7<x) = e 1 "*' = x 3 : uji c^J 

\l(x)q(x)dx = J- x J <k = -^-x' : Jc J^j 



3 1 4 

X Z = X + c 



11 1 » 

y = — + — : (j> 



x z 



1 xy-1 x 
z = ■ 



z x xy-1 



3 x 1 . 
x = x +c 



xy-1 4 



ir - 

J—iliS j-tf'fy) j Jaia^ j^l ^ * J**-* J'jJ P(x). Q(x) ^ 

* =f(y) (2) 
. (i) AjLbiiiii <bu^ii ^uii jaji jUjV (j^j^i 

dx 

: J »» 



ax ax 



dx 



-M - 



dz _ y dy 
~dx~ £ ~dx 



dz 

+ Z = X 

dx 



z =xe x -e x + c :jA ljJ*.j 2uLi»Uu <ijU-» a j 

: > ^LbliiH AbUalJ ^LJI JaJI jjSj <illlj 



^ = e* (jc-i; + c 



3x(l - x 2 )y 2 + (2x 2 - l)y 3 = ax s 
dx 



, , dy 2x 2 - 1 , ax 2 

3y 2 — + — y = - 

dx x(l-x 2 ) 1-x 2 



dz 



dx dx 



dz 2x -1 ax 

+ T-Z = 



dx x(l -x) 2 1- x 2 



/(jc) = e * ( '-*' ) = e w '- x ' = . : j* J-l-.ll u_&J 



- lo - 

: jA JaJI 



xjl-x 2 xyfl-x 

X 



r 1 ax , 

— . -dx + c 



aj — dx + c 

(i-x2y 



a 

+ c 



Jl^x 1 



y 1 = a 
cVl-x 2 Vl-* 2 



+ c 



J) {x-l)dy+(y-2)dx = 

2) 2x(l + y 2 )dx~y(l + 2x 2 )dy=0 

3) y'-2y=y 2 ; y=3 ,x=0 

5) x 3 <fy+xydx=x 2 dy+2ydx ; y(2)=e 

6) 3e Jt tanj>+(l+e*)sec 2 .y y'=0 ; y=^ , x=in2 

7) y'+2xyll-y 2 = 

8) x 2 e *- y2 + yy' = ;y(6}=0 

9) (\ + y 2 )dx+(\ + x 2 )dy=0 ; y{0)=\ 

Ja Jaol la y-liJ JaJ ^ * <M\ U^\M f U J=J 

/; (2x-37)A-(2j; + 3x)4;=0 
2; ydx + (2x + 3y)dy =0 

3x + 2>> + ! 



5) y>=z2±±2L 
y-l 

7x-3y-3 

7) y'=^ 

x-y-5 

x-3y + 2 
3x-9^-12 



8) y'= 



9) y > = 2x+2 y +l 

x+y-l 



10) {x+ysinj)dx-xsm^dy = ; y$)=^- 

11) y(x 2 + xy-2y 2 )dx + xfey 2 -xy-x 2 )dy = 



12) y'=l+- 



13) 



x y 

. 6x - 3 v + 2 

/ = - 

2x-y-l 



14) /=^r 

x-y 2 

15) y'=^- 

x-y 

16) xy'=y + j4x 2 +y 2 ; ><l)=0 

2x + 7y-\ 

Iaj_jiJI ' AjLialijll iliV-iU-Jl ^Ull Jail -la. jl 

: (^j Ijj) ^I^VI 

/; (3x 2 + 3xy 2 )dx- (3y 2 -2y- 3x 2 y)dy = 



. 1A. 

x x 

3) y(x - 1)" 1 dx+ [tn(2x - 2)+j]dy = 

4) 2—dy + (2en5y + ±)dx=0 

y 

5) ex 2 (dy + 2xydx) = 3x 2 dx 

6) y 3 sm2xdx- 3y 2 cos 2 xdy = 

?) ^T~^ + (2^«^+ 3sin^ = 

8) (i- xy )dx-(x 2 -xy)dy = 

9) xdy + cos y^my-3x 2 cosy) dx^d 

10) 2xydx-{3x 2 -y 2 )dy = 

11) (x2+y2+x)dx+xydy = Q ; ^-l)=l 

12) Axtdx + ^x 1 +3r)=0 ; x(l)=0 

13) r(t 2 +r 2 + 2t)dt + (t 2 + 3r 2 )dr = 

14) (2xy V + 2xy i + y) dx+ {x 2 y A e y + x 2 y 2 + 3x)dy = 

: (^j til ) ^I^VI 

dx x 
dt t 

3) x 2 y'-2xy= x*+3 ;^(l)=2 

4) ydx-Axdy = y 6 dy ; x (l) « 4 



- in 

5) tds = (3t + \)sdt + t 3 e 3 ' dt . 

6) xdy + ydx = l{x - x 2 y)dx 



7) 



x-2 

9) *L +3t 2 x = x 2 te' 3 
dt 

Ax 

10) Idy-ydx = 3y 3 e> dx 

11) (l2eV - y)dx = dy ; y{6) = 1 

U ) ^-2xy = ye- 3y2 {ce-> 2 +3(xe- y2 j} (xe y2 =Z a^y® ) 
dy 

13) ± = y *-2± (o-uj. y=\ ) 

dx x x 

14) x^- = 2(x-yf +(x-y)+x ^ y = x ) 

dx 

15) x 2 ^- + xy + x 2 y 2 = 4 (o~\±i±y = — ) 

dx x 

16) y' + 2ye x +y 2 =e 2x +e x (oA±^y= e 1 ) 



1) xdx-y 2 dy = 

2) y' = y 2 x 3 

3) & _ 3x 2 +2 
dx 2y 

4) dy=2t{y 2 +9)dt 

5) ^ = x 2 -2x + 2 
dt 

x 

8) 

9) y.-^SL. 

x -y 

10) (x 2 +y 2 )dx-xydy=0 ; y(l)= 

11) (x + jxy)dy-ydx = 

12) 2xydx+(l + x 2 )dy = ;y(\) 

13) (2y-xe v )dy-(2 + ye x, ')dx = 

14) y 2 dt+(2yt + l)dy=0 ;y{l) = 

15) dx - 2x 2 (x-l) () 
J dt 4x 3 +6x 2 t + 2xt 2 ' { ) 

16) xy 2 dx + x 2 y(y + l)dy=0 



1 4-0 2 ' 

17) 2e 2, dt + ^£-dx = 

(tMsxtmiy + xsiny)dy+(secy-cosy-yianysmx)dx= 

19) 3x 2 ydx + (2x3 + Ay 2 ) dy = 

4 1 

20) /+->> = -V 

x x 

21) y' + xy=xy 2 

22) y' + -y = x*^ 

x 

23) y'+-y = 

x 

24) y' + xy = 6xy[y 

25) y> + ly=-x 9 y 5 ;y(-\)=2 



26) — + q = 4cos2/ ;^(0) = 1 

28) — = cosx - ysinx + j> 2 
etc 

2P; y'=2 + ±(x-*;)y-±y 

30) x(l-x 3 )y 3 = x 2 +y-2xy 2 

31) y'=l + y 2 



Oali Ja. = J//J X 



, « 1 
(_H.li.Ja. y= X + — 

X 



UAL Ja. ^ = X 2 

qAl Ja, y = tanx 



4+kji\ & U*U*J| «2*UU alUb 

G(x,y,y\C)=0 (2) 

Jk. J*-aaj t (1) t (2) (jJjI^UJI qa C <■ iVyi.Y 

/(*,;' 

.Ajji c^Lil^yi JilU. 4ill3j 



ft j j — alt lc (Jl j — jl — uuJI 5 — hU*a C5 Ic J*-aaj « AaLbliltt <LUa!1 Jaj . £ 

g (x, y, a) - 

>4 5 jUil cJH a <iu 



a&r x 



2x+2j/^=0 
etc 

air y 



.'. —dyt=—dx sjl Cjljji-J Ji^»sj 

:.lny-lnx + In a <J«**j J-lSilU 



. vv , 



20X 2 + 2xyy' = ax 2 + y 
2xy 



.2 



_-ax 2 +y 2 



CjljWmll A&ja?**) S^tUlJi lllljL**ll 

* 2 +/ = 2acx (1) 

: J aJt 

2 a x + 2>y' = 2a c 
2A0 2 + 2x>y' = 2acx (3) 



C t-iia. jS-j (I) t ^ t> 



<ji AaJ jaall (ill j ^pk. j 



ax 2 -}> 2 



2v 

:.xv +v= 



a-v 2 



2v-av+v 3 

= } 

a-v 



x av _ (2-abv+v 3 ) 
ax a-v 2 



YA. 

y'~ vic+ v 3 J>y= vx o^ji 



(a-v 2 ) dv 

a *2 lit 

(a-v 2 ) _j4 5v+c 



v[(2-a)+v 2 ] v (2-a)+v 2 
:.a-v 3 = A[(2-a)+v 2 ]+[Bv+c]v 



a-A{2-a) =>A~ a 



2-a 



:-l =A +B 
-1=A + B 



a -2 
B = -l — =>S = 



-^-ln[(2-a)+v 2 ]=lnkl 
2-a 



^ » 2-a 



(2-a)+v 2 



2-a 2-a 



-Jo Jmv'rt V=— t Af" 2 = C] £Jai 
X 

a = 2 lij : yti 



. A. 



.— -Inv =Infct 

y 



v 



(jl ^auS v=— ^uiJbjJ 



JC 7 



2r-^~=~a 2 sin(0) 
d0 



do d& 



2r 2 — =rtan(0) 
dr 

jA ^Ldl (Jail <J*l£jll j (Jj! jjilall Jj^aLj 

r = c sin 2 (6) 

aLUJI lip] ^ 

F(x,y,c)=0 (1) 

A_JSlc <*— ^Ul Wull .C JJJ-ljUM Cjlj ^u^LuuJt Attic JLJ ^Ij 

J<Jal£u f/J .CjUiaaJI AJil*] ^Jj^c. jjc. jL-m, (^uo a #90° (1) dnVi.ll 
^^-k Juni (%) AbUJj Aaulill ULUJI ^ C ^jj^ j X J\ A^ilL (I) AbUJI 

%f(*,y) (2) 

dx 

ajjIj <jla ^lllLj (jt,^ aLsH! iic y (x,y) jjSj aL» (7^ ^LpjJI aLIc ^Lu Aai. 
^Ul JSLJI jLuJl ^LqjII iaa. (jla liA t>j .(x,y) ALiill Jjc tow ~'(f(x,y)) aL. 
ALSil! (j-ii ^jc. tan ''(f(x,y)) + a ajjI j a] a ajj! jj ol jWuW aLL 

ja JSUI jLjuJI Jx. (jls 11a (>j (3c,^ 

tan tan ' (f(x,y))+a) = / v ' w 

/-/(*, >>)tana 



- AT - 



/(*,?) + tan a ^ 
a&c l-f(x,y)tana 

; J 14 



x 2 + y = c 



4 



+ tan( — ) 

cfy y 4 _ y-x 

y 4 

dy = y-x 
dx y + x 



4 



dx x 

d\jL^l U-^liSlI *LUJI uja a=- l>^j /(*,j>)=- <jj£> "'^ 6- 

4 jc 

x . n . 
- + tan(-) 
ay _ y 4 >» + jf 

dx x - y 

7n(c/ (x 2 +/))-2tan- / f^- 1=0 



1 j-ojSj 4__jJa3l» <lb iV(/) dip. 4 (JjLa- ^ j-> ■ <-i jit (j^ljjaVI 

jjjl l-i— JA. UjjSj (_s-ia*J dill jLa ^-/^ 4LLc«]l jjU lift 3 i^ti 

: JL-1. 

3000 r^uA cjI^Loi ^jJ .^DL. 1000 LjJSjB (j 1 * ^ j 

: 

3Ja»J .lie LjjjSj SJjatj«]| cl)V>LuJI J-ic (jc lj;U*J .1 
.XuJ S-ijajJI AjjjjSjII diVXoJI .lie .L-) 

: l! aJl 

dN/ dr m = o (1) 



- AO . 

*0 = ce« (2 ) 

3000= Ci£iN = 3000i t = 4 Uiicj . WOO = ce k <j_£} N = 7000 * t = / Uaic 
A = i. in 3=0.366 : J-uc^j c , it <> J* V-ril* <jiSbUJI Jauj ar* 

d — cs — * c ,k te <j-jc QjiiyL^ — jj c = 1000 e° m = 694, 
. t ikaJM ok. CjV!>L-I1 .s^e oc- J**"* N(t) = 694e 0366t ( Ja 

|j| .<__ja yj — ^Jusj yji_JI (jlluJI J-iC (jja-a jb& jlSuui ijfcu J-i«-« imlSb 

' "^ & .CjIjIj <1l& J*j 20.000 u£i« jjl^juJI .xsc cieL*ai 

: J 



(^ic JjuaaJ f/^ . jlaill lift ^ 

N{t) = ce kl (1) W^ts^b ~-KN = 

dt 

: jti <ukj . c = iV° <Uj AT" = ce w J (I) j — » giij 4jla N = N° t = Usi c 

J-^aj (2; ^ u^j^ 11 ^ < N = 2N°, t = 2 lose. = We*' 



-A1- 

: cUaJ (3) ^4 ^jSII <>*j«^ * N=20.000,t = 3 Uiic j .N = Woe 05 ' 7 ' ^ 
= 7062 Jc j 20.000 = Noe (0M7)(3) = N (2.832) (4) 

t5— JJ*^ J^*-»" (} (jlt jjau-ull ^ LoUi t 3fk} JJjJoll j5 jjj (jjjlS (j^ajj 

jSjl lv-\ al l Jawijll j ( i , .!■> II Sjl ja. ^JakjJ (jS £<• t.inl ni f ».<i> Sjl ja. 

jj.-l.jll jaijll Jj** .Jaja-JI Jaujll S jl ja. <a, jj T„ j f*-aJI Sjlja. 4a, jJ ^ T 
Sj^alj ^^ic JjjjoII (^Sjjj jjjjU Ac.Ljj-a (jS-Jj t dt/dt f>aA\ Sjl ja. 

dT/dt = -k(T-T m ) (I) 



dt 



+kT = KT m (2) 



'A—i+j* k^j&a uiUa ^jik. uui sjUiyi .m*->Ji ^^11 ^ > * ^ 

j i T m 0— - >-jSi 7" ujSj Uiit JujjjII AjLc dT/dt J*aJ <jj jjj <jj^ 45* 



.0 °F X_ 4C fcjlj l^j jl ja> *a. jJ » ja-a. ^ 700 <F 43jlja. *a.j.i ^iHn i.u.nj ^-a j 
: .ia.jt .AiAi jjjjiic. Iju 50 °F i.n.ntll Sjl ja. 4a. <*\>jm1 

.25 °F Jb (.n.hitt Sjl ja. <a.jj Jx-all f _pUI t>jll .1 



. AV. 



. T&jtS 



r= e" to oA j—+kt = kjd cj^i JMLj 

dt 



(1) j> gSija < (700 °F ^ ^jilj^VI siuiSlI Sj! ja.) r = Laic T = 700 J 



^ J»-aai i. ()) ^ 4-«jS1I aiA <>aJj*JJ . C = 700 J 700 = 



ce 



■k(0) 



T^lOOe 1 " (2) 

•j i 50 = 700e- 20 * (2) <j — • « T = 50 <jj— & / = 20 La_Jc 



,_Jc (i^j »iA <j^j*Sjj . *=— In — =—(-0.693) =0.035 

« t UaaA (j\ .lie ■ Sjl ja. 

T=100e 0351 (3) 

) 25 = lOOe 0035 ' lijJ-J uj-^! ^ ti-s T = 25 T = 25 Uiie / Jlsuy .i 

./ = 59.6 mm J lKKjj - 0.035t = In — 

: jl Jaa J ^ iWilb JaJbj (3) J* t = 10 .t = 10 Utfc T jl • V 

T= 100e (0035)(10) =100(0.705) = 70.5 «F 



. AA - 



4_a. jJ j 100 °F Sjlj—aJI 4a. £jLaJL 50 jJ f*ua. ^Jaj 

: ,ia.jl i 60° F ^ (jilii (__>*iAi. ^xj jjjuiiJI S jlja. 
.75°F ^..pti Sjja. 4a. jj J*-ail ^.JpUl <>jll .1 

.AiAi Qi^ZiC .Iaj •> > ii^ II Sjl_)a. .1—1 

: J aJI 

jjSj jioiUj j^ii ja £ jUJL J*-, jit) i r m = 700 (2) f i^^u 

:Sj^!l <Jc l^ia. iJaa. ^bLialij 4hl*x j — + kt = 100k lipl 

r= + 700. (%> 
jj^jjwj .c = -JO j\ 50 = ce" w + 700 J 0) i> ' t = J\ T = 50 J 

: JlC Ji^aaJ i (I) ^ <-jS1I eiA 

T=50e k ' + 100 (2) 

-40 = -50e 5k U^j60 = -5ff 5k + 700 (2) <> JlSlLj * T = 60 jj 2 ' = * 

. k = — In — = — (0.223) = (0.045) J 
5 50 5 

ts _J c . f <_JiaJ ^1 a_it ^uutaJt Sjl ja. 4a. jJ ^ Jx-aaj (2) ^ 4ajSH *^A ^ajjxjjj 

.T=-50e-° 045 + 100 (V 



- A1 - 

lip] (jj^ tf) <JT=75 £±#T=75 l**c t jUjV ^ 
-0.045t = \n- J / -S»b J ^kj e-* 045 ' - J 75 = -JOe 00 ' 5 ' 

: J T J] *f-liL (JaJUj (3) ^t = 20 .t = 20 U^ic r jUj^ 

T = -50e ( - 045)<20) + 100 = -50(0.41) + 100 = 79.5° 



— 111 <•! J^JI 4-o jll«J g ^bjVt -LuilaJlj iaA9 jjtla ILSLu m 4j]j& Lima. JjGcl 

jftti odUl ga*** 4*iti 

^ 4 ^lill 

F=m*L (3) 
ddt 

4 (jxjil -lie- LaAMS 4 f i».r>ll 4fc Jjui ^ V j ; -» i n> II (jic AluO^JI jail j^A F i-ua. 

tjjj J at V>» all AojjtaJI Sjfl f/^ ^m-%11 tJ lc (jljJjJ (j^J* -^.P tS^' ^JL»«M ^ 

tlulj jA 0> k 1 * 4 — J aUaxx frlj^JI A-»jH» SjS (2^ J Wg cSj^ (J^ J W ^aaJI 
jj—jII 4cj_jJI *UjI (j-Sc. a jiill a OA aUj| <jV jjSj AjIUjJI SjLiyi j .<_UiiUoll 



- 1. - 

^ ^1 J* F *L-aa-JI <j jail jjjSSj ujILoJI »UjVI ^ ^ UJ j J# 

ji mg-kv=m— { J& JmVi (3) ^ oiA t>a>j«JJ F = mg-kv 
dt 

dv k 

—+-v=g (4) 
dt m 

k = gj— a t oJ jjc £ul£ J *l j^ll 3-« ULaI lij i£j»JI a!iU-«£ 

: (4; aLUJI jli <illj j 

* =<r w 



4 « jlLt ^,1 f, jjijjjj ( <JjL-a AfijuJ jU3 100 jl (j- JJa J 5 AitiS JafcJ 



- 11 - 



: J— — 

Mm* JJ dv/dt = g J\ dj$ (6-5) *JjU-M jU ^jUL. ^ V d dm. J 

•V = gt + C J* Ifk. UJ^J J*-aiil ^Ij^ J ^jLalijJI S j>-all ^ jt t Ajiaa. AjLialij 
C = , = gfOj + c tjli * (jkall ^ *jj!jujVI (U-aJI ZcjJ} v= 0,t =0 Uiie 

:a u « ^ = 32ft/sec 2 J <>>J • ^ = gt J^hj .0 
v=32t (l) 

a l_i aAcj v = dx/dt Jl^bj .* ^1 jyi >Sl ^jll tKJ ^ ^e^J (jS3l , M 

ai i-Lis j i^a*. u^m ihuji » j* j 52/ dj# r/; 

:l « ^ UJ *U 

.x = /(J t 2 + a (2) 

0*jj*ij c, = jo = (I6)(0) 2 + c, Jfc&ij -x = ujS3 t = Lute <£lj 

x = 161 2 (3) 



2~J(100){16)=2.5 sec. J*- cWi (3) q**x = 100 Lute / i^y . £ 

dip. (JLjlli) ^/^ b.le t5jL-u tPlI ei 3*11 <a.tjj Lpli UJajLi 



- IT - 

: J aJt 

. K=Y 8 , w=2lb,x = 3000ft XcJtStfj*^ 

i w =mg <> Up 1 jjiia 4 32 ft/sec 2 g <wjUJ 31 ,»r, ji t>»j— »j 

m = l/ 6 slug ^ <EiS jl J < 2 = /n(32; J 

-^- + 2v = 52 s j>*»Jl J& (4) a!i\ju> gi^ajj 

. v= UpJ Oj^ = 0; Laic . v= fr; = ce 2! + 16 (1) jA l*k jjSjj 

: Jc Ji-aaJ 4 (I) J (jiwjjoLj 
: ijy^lS Jc (i) i c = 16 J *h L> Jt = c" 2ffli + 16 = c + 16 

v=(t)=-16e 2 ' + 16 (Y) 
.16ft /sec^ <£LjM ac jJI ^Ji JbSbj ' ->«,v ->16 J ±±i (2) j (1) q* (*') 
UiU * = 3000) fl 1 <J J-* 11 'J* 31 ^ jii-S ^ ill o- jll jUjy (u) 

<-ij£ Ajli 4 v = dx/dt i (ji (ilia. ./ A^aaJ <jl .iic a j&JI £*ia ja (jc jjjju 

— = 7<5e" 2 ' + 75 Sj 
dt ^ 

: bj.il (jjld t / J\ Ajuuilb S jJiL* ftjoaJ <bl*-J JjL <J*1£jjj 

. J*ISj]I <IjjIj ja c/ liija. jt#) = 8e~ 2 ' + 16t + c/ (3) 

: Jc J*-aaj (3) J fjill o^A ij<*iJ*&tj X = t, t = lo^jc 



3 



(3) * IjU.nH £J*-*i J ' C; = -8 J Aai l^L. j t = + id + C/= 5 + C, 

x(t)=8e 21 + 16t-8 (4) 

: j 3000 = 8 e 2t + 16t-8^ 
376 = e 2 ' + 2 1 (5) 

J__*]| (_JjSj jl (jLaJ -Uli < / J] Aju-i^^ J" 3 (5) (Ja. (jS-J V 4it ft jlL 

jt = 188 sec Cydtoj 2t = 376 iil* *JLJ ^ ^ lWjj 



S da> j .SJja. j-all J,n*ll*l»ti .ISC. £-a (tint til J,^ir-<U ic. J jia-a UjJ^J _>*2 

. dilcL-w ^ ^4 <DL« 800 <-itj.nl j <JjL-J ^ LjJ&j 250 a' 'M-^' 

4/ ikaJ (^l Oic "tejjA ^ £ff%A\ -lift (jc I jjjju .! 

.'*£L»1600 J) UJaSjJI e >)Ui 4>jli .i-j 

^j—i (jl A >j .OJ Ji 'lull AiC I lull Tn JiuaJ ^ ^J^J 

.^jljJl ^ «J J*->*M «-i«jJa (liVXaiM yjSj ^jSJ ^ jll! {>«jB .<-i 

■1?. j! • J Gz (jJ-ajJ &u 

/i il£ lit . 100° F -i—ic l*Jjlja. ojaa. ^ 0°F AjJ ja. 2L>jJ ^y-ia. £*Ja j 

.la. ji * (jiliJ >ic Jwu 25°F ^uigJI Sjl ja. 4a. j.i 
* 50° F Jli f-sJI J^I .t 

.Aiiib (jj^iic Jxj ^jooJt Sjlja. 4a.jJ 

lij • 700° F A— it ja. Aa.j.1 Sjaa. ^0° F <Jjlja. 4a. jJ j»a £*Ja j 

Jl-a. J 4 4_LL> 40 20° F ( 20 -1*J 40° F <~*?JI ftjl ja. <La.jJ cliajml 

.^IjhJ ^ ^uiail ij ja. 2La.ji 



1©. 



Ij» . 150°F Xc- Aiti 4Zjj*t*j* £)ji 50°F <Ojja.<a.jJ ^ £*Jbj A 
A_j>jJ Juatf ^ <>jll J> J t #1*1 /0 J«j 75* f-cJ S jl ja. Aa.jJ <*i>i. J 

. 100°F J\ Sjlja. 

t *1 j^Jl 4-0 jULi JUaU . jL-a Acj*aJ fOS 500 ^USjl j>» 3 Slugs AjJjS ^joia. JaLJ .V 

JjC j< > «•% \\ Afijui (j& IjJMJ .1 

Uu Jt »aJj .AjjIj JS1 ^oi 30 AjjIjujI <cjjou ^jS 300 fAsuJ <> Wa.i .A 

.^jVl Ji cW f-*JI fjSUI C>jll •<- r l 

Aa. j\ l f.\ j$JI 4-» jlLa (JLaAlj 
i ASjaJI AbU* .1 
1 f <laaj (ji AiC f -»»n->\l ACjmi (jt I J;U*J .(-J 

4 ^liijl tjJ u 1 ft Aj3 J^u ^ill /„ t> jll .£ 
( t AikaJ ^1 .lie q i 11 ^« » n j-a (jc I jajuu .J 



(i)x-y - (ii)y - cx 3 (Hi) x 2 +y* = ex 2 

fnjj r = a(l+sin9) (vi) r = a (iec + tow $ 

t ft/ 4 Ujj__S 4 — jjl jj x -y = a f ijiTiui<i\l ^jJaij ^pll iijUll CjI jLwJI . ^ f 



etc 



- \ . . . 



(y?-(yf-2y'=o 



; J 1* 

<>LbUall aLU-J] ^Uil JaJI ^ji 



p 3 -p 2 -2p = 



P(p-2)(p + 1) = 

,p=0-+y=c, 
,p=2-+y=2x+c 2 

p=-l->y=-x+c s 



» lib jli y'= p £*-3jj 



O' "C/X^ - 2x -c,Kv + * - c s ) =0 



Jc ijj^u J a# cM <jU J jVi '<*J a- iU»«B 2L}L«Usll *]J~il J 
Sj^-all Jo qjSj sU^JI 4jLbliall AhUJl J*JI jli Iaa j> .las ^jljSil 

•t5 jl^&l tluli c <i 



*~f(y.p) (i) 

dy » 

V s 



1 _dx = df { df dp = j ^ p dp_^ 
P dy dy dp dy ' ' ' dy 



p 4y 



y - 9 M (2) 



- V.X - 

. jUM Sjj-JI ^ ^IfiM ^ ibJH* (2) j (1) ,jtihU-» OA 



^.Usn 4bU*U ^UB JaJ 



sjj^ii j c£*i siuji ^L-uaii jia Q= p J 

dx 

x = 3p 4 -p 2 +6 (2) 
p dy dy dy 

^ = (/2^-2/7 2 )<//7 

fdy = /(12p $ -2p 2 )dp + c 



- i.r. 



y=—p--p 3 +c ( 2 ) 

J su»«-» u^m <bu*u f ui j*n * ^ tsbuji 

F(y ,y) = (^li afrit* -f 

y=f(x.p) (i) 

^ "Z" "3T + "ST "Z" "7" ) 

<& dx dp dx dx 



L5 C *^ 



dx dx dx 



ijj-^ll W.j oS-i SU—II Uu.liSM aLUJI J 

y=p 6 -3p 3 -7p 2 -5 (I) 



p= ±^6p s --9p 2 -14p)^. 
ax dx 



X= ~5 P -~p-14p+c (2) 

(Lagrange 's equation) &HjM <U*l*» -i 

dx 



£-W(P>+*rcp>£+*'(io* 



^ iaLb^l g 11 ibU- (1) < (2) cP^\*A .^jLuil viulS c ^ 



AjLialijjl UiU-JJ fUi JaJt ixji 

y = 2px+p 3 (1) 



> .1 - 



_a dp dx 2 



=>-/=(2x+3/0-r => -r + — x = -3p 

dx dp p 



/ = /(,) = * ' = p 2 



jA JaJI QjSjj 



= j P 2 (-3p)dp + c=-l-p 4 +c 



-J , . c 



jLB ft j^uall ^ ajLaliill £j| jskV (1) ( (2) (jljLUJI 

: (Clairout's equation) JtfcMfi ~0 



I^a ^ jf (yj = y' £± jj tJllij gulj^V aJjU- t> jjjjIS %bUu* gjS 

ejjjball ^a.bj jjjJS <LLla jjli 

tec 



\ .V . 



ax dx dp 



% (*+g'(p)>0 
dx 



(^Ic Ji/i»>i aLLJI 31it*JI ^ j 



x + g'(p)=0 J -^- = U 
ox 



Y = xc+f(c) 

x+f'(p)=0 (2) 

.<_jUI |j* 

V^J — (5 CjuIj - c £*^a jjjjK Alilaual ^UJI (JaJI ^^Ic. (JjjuacJI jS^j aLLuUJj 

: Jl 1> 

AjLbtfill f Ull J=JI ^ji 

y = xy' + -j4 + y" 



y=xc+ij4+c 2 



y = xp + 2p 2 + 3p-l + eF 



\ .A- 



: J— aJ 

y = xp + (2p 2 + 3/> + <? - 1) 
3/ = xc +/2c 2 + 3c + e c -I) 



(3) y = log(l+y s ) (4) p 2 -xp+y = 

(5) y 2 p 2 + 3xp-y = (6) p 2 +p-6 = 

(7) p'+p-S (8) x+yp 2 =p(l+xy) 

(9) p 2 + 2XP-3X 2 = (10) (y) 7 -3(y) 3 +16 = 

(11) (yf + 7(yf + 2(y) s -12 = (12) x=p 3 -p + 2 

(13) x 2 p 2 -xyp-6y 2 = (14) x+p 2 = l 

(15) p 2 -3p + 2 = (16) y = 3 y + J^-T 

(17) y = (l+y)x+y* (18) y=p 2 x+p 

(19) p=tan(x f—) 

p +1 



: 4+*** -\ 

UA i jj^ll OjSj JjVI t> ^, /, y", y™ 

aj n) + a.yM + a 2 /"- 2) + a n _,y + a n y = f{x) (J) 

a o *0 ^ 

djli ajL^ aLUJI diiiui. tfcjfc ^ a ,a,, a n cJX&jlA g** Ci.l£ 

fl^ ( "> + a^ ( "-'> + + a^y/ + a„y = (2) 

(1) 4bUJI J* f(x)=0 ^ * AjLi 



- >H - 



x Jt JjVI ^1 cJ>j 



u 



* * * * ._4 

or 

gdl^A Jam 



1) D[f,(x)±f 2 (x)] =Df,(x) ± Df 2 (x) 

2) D[kf(x)}=kDf(x) 

3) F(D)e ax = F(a)e ax ; D J*j*.tJ& F 

S Jy ^A\ Jtc D Jj>3I fhVi.nl> AhUJI *jt& jLu 3^ 
(a D n +a,D"-'+ a^D + aJy = f(x) 

<D(D) = a g D" + a,D n -' + + a„_,D + a„ 

<!>{D)y=f{x) 



aIAxjoW Lol <A mil jjc. Ajlxk Aiilx* ^ j 

<D(I>)^ = 

AJaaJ hi fill ^LUuall JjlaJ <UaLjiVl (j-al _jaJI <jVI <_>"J^j i_i jjuij 



y + a,y + a 2 y = (1) 



M ft* * 



UiJ Ja. y=c, y, +c 2 y 2 0) ^lo^ J* J'/Ji(>^i^ | j! 

. c, , c 2 tip* (1) ttit*-il 



y 2 = CJ>, j t$l 



- m - 



Wronskian : (£L4*y£jJ| ) tairijAii 



uijju bjU , ^Lkj ^ jl&JDU yiiljlS yiilb y,(x), y 2 (x) <jl£ lil 



U L_£ |j) Ja_Sa j lit yl — j- f/; A — bU<dl ^ , ^ ^ aJ (S 



2; 7, x , x 2 3) e x , 2e x , x 

: J aj 



1) fF^,e- x }= 



e -e 



= -2*0 



- W- 



2) W{l,x,x 2 } = 



1 X X 

1 2x\ 
iO 2 



= 2*0 



3) W^,2e x ,x} = 



2e* 
2e x 
2e x 



= 



^Uil JaJ Ji*j y = c,y, +c 2 y 2 Ji (1) aJjUJ] joEi*. ^ , ^ ^IS lij 

. u^J 1 ^ 1 c y , c 2 <■ (1) 



/, o,y, a 2 y = 



.ULi (jJslaw (jjJLoU. (jjk. jUJ JjUj * ibUJI <ilti] ^1*11 JaJI Cf ]c Jj- — \\ 



Dy=De Xx = Xe Xx ,D 2 y = D 2 e lx = X 2 e Xx 

AhlxA\ JiC J, n>l 

(x 2 + a,X + a 2 )e Xx =0 
2 2 +a,A + a 2 =0 

(jSajj (Auxiliary characteristic) (oJc.Lul»1I) SJ;}**!! Slilx-alb »ja ^-a^j 

jj cillij ( D ^uLaVl AjL^liult AlilauJ j> Sj^U* Ijjlr. Jj^aaJI 

-a±4a, 2 ~4a 2 

X,,X 2 = ^ 

X, * X 2 jliiii-a ciMs** 

. ( _ f lc aJIa. <J£ t_>»jJj i— i ^ui 



yi = e' x >y2 = e x ' u 1 ^ * ^ 2 u l ^ 

? tiU bkk J^SLul* j 2±>U^l jjL^U. 

. jjUjUiil ^IjjIj a, C2 

aLU-jj ^uii (J=ji ^ji 

: J aJt 

£) = ill}* 

dx 

yjU^U^U j; = e Xx J O^Jx* 

<> r U J-JI UJ^ 
: J 1* 

2/ -5/ = 4l*\ju& f l*JI JaJI 



/ + 5/ -4>> = 
(D 2 + 3D - 4) y = 

X 2 +3X -4 = 

(X + 4){X-l) = 
X = -4 , X =1 
y = C, Q 4 " + C 2 q 



- H. - 

(2 D 2 -3 D) y = '* jy^ ^e. <bU^B ^ubj 

2 A 2 + 3A = t^A »jcL*J aH*a!I yli 

y =c, e + c 2 e /2 J l5' 

y =c, + c 2 e /2 



• yi JjVi lW-J J^J d^«J J 2 = XQ * 3 



ijj^Ji Jc <JjUx11 f U]t J=JI oySj « rflli 



y=c, e +c 2 x e - 



y=(c, +c 2 x) q 
A , = A 2 — A 



: J 1* 

y" -4y'+4y = AhU^ll f UJI JaJ ^_,| 



: J aJi 

(D*-4D + 4)y = 

>l 2 - ^ + 4 = SJ&UtH UlUJI .-. 

(X -2) 2 = 

X =2, 2 Ul jia. QjSjj 

jiaJI (jla / = V^T ilya. X , = a +i P jjc. ALU-all ^ jia. jlS I j| 

./? *0 dip. t(<39l jA\ jiaJI ) X 2 = a -ip i J_>^ ^ jjSj A 2 jiVI 

r UA JaJI OjSjj * X , * X 2 jla till j <> 

y = A, e +A 2e (1) 

• ChJ^P^ Cfe^ A\ , A2 dua. 
ojjj^a ^1*11 (Jail (jl > * i\ jM 

y = q x [c, cos /? x + c 2 sin /? x] 



y- A ,ee + A ;e e =e [ A >e +4 el 

e ' 0x = cos fix+ i sin/? x , e " Px = cos fix-isin fix. J ^ 

y= e"lM*xP* + i sin/1 x) + A 2 ( cos fix-isin fix)] 
= e"[(A, + A 2 )cosfix + i(A, -A 2 ) sin fix] 

Ai+A 2 = Cj , i(Ai-Az)=C 2 jLmjj 

y =e i C l COS fix + C 2 Sin fix] : j» JaJ ^ySji 



; J aJt 

(D 2 + 2D + 4)y = *hUJI ^ 

2 

y = £ X [c, cos2x+c 2 sin2x] 



y'+9y =0 AiiU-Jl JaJ ^jl 

(Z> 2 + 9)=0 l Jy *a Jc *bt*J ^Joi 

A 2 +P = <jA jjcL-uJ aM»J8 tjU 

y = c, cos 3x+c 2 sin 5* 

4*4*11 

i> dtfi\*Ji (jic ^u\jD aju jll cjVi** A^UJI ALU CiVUJI ^uu jLu 

a fl y">+a / y- /) + = 

- e Ua*J aH*-J1 n*. ^ = e ** J o±J& 
a A " +al X ""' + + 0„-/ A +a„ =0 

A,,*,, A„ j l^- tUi yiH 



(^.LS^ Iijtl) X , * X 2 * * .X „ CsK Ijl (\ 



y=c l6 +c 2e + +c„ e 



(1)1 (>— 4 AT jj— La >B j 3 jaitt jjj_aJt ^ ,),>■> ill il£ I j| |Y 

UJ — % ^ — J — — * A i=A 2 = & 3 = X k , * * X H 

y - l c / + C 2 X + + + c k x k ~' ]e* +c l+l e + c„ x *~ 

X ,=X 2 =X 3 = a + ifi jj*l£d&\2(r 

X 4 =X 5 =X 6 =a-ip 

y=e a " [([^ + c 2 * + c J x 2 )cos flx + (c 4 + c s x + c 6 x 2 )sinfix\ 

4*U 4laUI 



ax ax ax 



(Z>'+2D 2 -J/>)y=0 



<bUuJ !>U. y=e ** Jo* Jai 



=>Z~0,l,-3 :.A{JL-l)(A + 3)=0 

y = c,+c 2 e x +c 3 e- 3x (j) 

y'^cp* -3cfi ix (2) 

y* = c,e x +9c 2 e~ 3x (3) 

(1), (2), (3) *Vi«ll J Ja jjJil! <> u^j^L, 

/. 4 = ci + C2 + C3+ (4) <= (1) y(0)=4 

8 = c 2 -3c 3 (5) <t= (2) y(0)=8 

c 2 +9c 3 (6) <= (3) y"(0) =-4~ -4 

c, =0, c 2 =5, c 3 =-l * (4), (5), (6) C#i*J J»j 

y = 5 e * _ e -3* ijj^JH Jc JaJI (jjSj 

y m + 2f + y"-2y = 



(D 3 +2D 2 -D-2)y=0 



y = c, e* +c 2 e * + cf 2x 



(D-2) 3 (D + 3) 2 (D-4)y = 



: J aJl 

ill 



A J + 2A 2 -A -2=0 
A 2 (A +2) -(A + 2)=0 

(A + 2)(A-7)(A + 7) = => A =7 , -7,-2 



: J aJ 

(A -2) J (A + J) 2 (A -4) =0 SjcUJI ihUJI jjSj .-. 

/. A =2, 2, 2, -5, -3, 4 

y ==(C/ + + c,x')e 3x + (c y + CjX^"^ + c 6 e 2 * 



>YV. 



UsUJJ JaJ .la. jl 

(D 4 -2D 3 +D 2 )y=0 

: J— -ail 

. 3dil*-»ll y-e Xx (J uiajiij 

A 2 (A 2 -2X +1) =0 

:.X\X-1) 2 => A = 0, 0, 1, 1 

_j; sz c, +c 2 x + (c 3 +CjX)e x . 



• M * 

mjucii lKJi j^jI 



y»-6y' + 9y' = 0. 



^0;=0, ^Y0;=-?. y"(0)=-6 



. UiUJI!^. y~e iM Jo* J* 

X'-6X 3 +9X =0 

A(A-3f =0 => A = 0, 5, 3 

y = c,+ (c 2 +c 3 x)e 3x 0) 

y = 3(c 2 +c 3 x)e 3x (2) 

y'=9(c 2 + c,x) e 3x + 3c 3 e 3x + 3c 3 e 3x 
=3^(c 2 +c 3 x)e 3x + 2c 3 e 3x ] 

. ^jfifll A-jj^l <> W. (2). O) J U*iJ*&* 

y'(0) = 2 => 2 ~3c 2 +c 3 0) 
y"(0) =-6 => -6 = 3[3c 2 +2c 3 ] 

=> -2 =Jc 2 +2c3 f<9 

Ci=-2 ,C2^2 ,c$ = -4 
j> = 2(/~2x)e**-2 



. HI - 

: J I4 

(D 3 -3D 2 +9D + 13)y=0 

. jjjaJ c-ilyiaJ JJuiiall ^ Vyjui't lil 1 AjIIjII A^j^ll ^ J3I jt 

.-.L.H.S. =1-3 + 9 + 13*0 X" 1 <>> 

=-l-3-9+13=0=R.H.S X-~l (» 

^ill fl.iiiJj A +7- <= jj^JI X- -1 

(X 2 -4X + 13) 6^{X+l) J-UIJd 

(A + 7; (A 2 - 4X + 13)= SJoaJ UjUJI 

X=-l, X=2±yl4-13=2±3i 

y = Cl e x + e^fa cos 3x + c 3 sin 3xJ OJ&J 



a, /"'>+ ... + a„.i y'+ a»,y'+ a„y =f(x)... , ... a *0 (1) 

.l^ijjaci ,jlk) ^ 3JLaa* aJj / (x) « tlul >» a<j , a/, ... , a n &p> 

(I) 2LiiU-Jl <jj-jS Sj^-al y|i 4 £) J»>B flj&jJjj 
<J>(D)y=f(x) (2) 

<fifi); =a D"+ ... + a„.i D + a„ 

SjiilxaJI Am'ilVmfl AUjlaII (Ja. ^a>jj [\ 

<zyz>; =>> = 



tf 



t>»J*j *-i J" J 4 (2) Alilx-all (Jto^j y p ^ ->*~H -^jj 

J>p .ilaJ Ail jJal 

.(2) ALUuJI (jSa-i^G U, 1 * fc^Wj >"G ~yh=y P f^l cM -ia-jj (V 



<t>(D)y k = 

0(D) y =f(x) y? 

■•• <W)y=f(x 

0(D) y = f( x ) Ah\*A ^ ya J eMtfj 

L.H.S = Q(D) y G = <W fa + y P ) = <W>) W » = + /(*)=/(*) 
= R.H.S 



Matt* UA\mU *m Jail Jfef 



:4>(D)y P ~f(x) 



. Aifci^ j>Ma ^i/Cx; -^y ^-^Jl jibll ^Ji^J <-i>-J 



+ (a) *OiJc. 



* (a) *(ar) 



f(x)=e ax v(x) C^»J» (t 



D[e ax v(x)J = e a *DvCx;+ae a *vfc) 

D 2 /* ax v(x)] =D[e ax (D+q) v ft>7 
e**/!^ v (x) +aDv(x)]+ae ax (D+c0 v(x)- 
= e ax [D+aJ 2 v(x) 

D)[e ax v(x)J = e ax + (D+ x)v(x) I ( 



*{D) W iiP + a) 



L.HS. = + {D)-^e"v(x)=e"v(x) 



= e"v(x) 



~/(x)-f/(x)A (r 

J/(x)<&=-i/(x). 

i^'iji j-tssi j»j ~ ^ * d ji>u jibi 2. 

C5^l ^ti I (0) « » »> ^ Sj£ *Jb f( X ) £j& |£ (i 

(l+D),(l-D),(HrDf,(l-D) 2 , 

i 



/(*)=[/ -Z) + D 2 + + (-/)" IT] f{x) 



j^f(x)=ll + D+D 2 + + D']f(x) 

■~^-f(x^y+2D+3D 2 +...Hn+l)D')f(x) 

.CjJSJm+c * f(x) = c li) 

11 1 c 

c = . . cg m = c — — = — — -; <!>({?) * 



l)<D(D)=D i -3D 2 +2D + 5 ^YM 



1 c c 

-c=- 



0(Z>) 0(0) 5 
2)0(d)=D s -2D 2 +6D 



c-- 



-c=- 



0(0) = ft. 
/ 1 



c-— — - ° X 



"<D(i>) D 3 -2D 2 +6D DD 2 -2D = 6 D6 6 
/<*) 



sin(ajc+/?) 
cos(erx+y3) 



-n 



4>(D 2 ) 



sin(arx+/?) j 



cos(ax + fi) 0(-flf 2 ) 



sin + 
cos(ax + fi) 



Dsin (ax + $ = acos(ax + $ 

D 2 sin (ax + 0) = - c?sin (ax +0> 

l9 sin (ax +0) = -a* cos (a 4 sin (ax + 0) 

D 4 sin (ax + 0) = a* sin (ax + 0) = (-a 2 ) 2 sin (ax + 0} 

(D*) k sin (ax + 0) = (-a 2 / sin (ax + fl 

(&? cos (ax + 0) = (- a 2 / cos (ax + 0) 



.-.a>(D 2 ) 



sin(ax+/?) 
cos(ax+/?) 



=<D(-a 2 ) 



sin(ax + /7) 
cos(ar;r+/?) 



f(x)=sin(ax + 0) i»L 



.-.^fD 2 ; «n fax + 0) = <*>f - rt 2 ; «n (ax + 0) 



1 -j- sin ( a x + = — -^-j- silver x + = sin ( a x + fi) 



<D(ZT) 

4>(x)**0 d& \J& (1) 4JbJ <> -V 



<D(Z>) <D(£>) V <D(£>) 



UlUxll f l*JI JaJI i^J 



(D 2 2D = 3) y = 42 e 4 



: J aJ 

(D 2 + 2D-3)y = J* ^ji : V jl 

.-.(2- i>(il + j;=0^>A= 7, -5 



J 



y — 42e 4x =42 - e 4x =42—^—e 4x = 2e 4x 

y "' &+2D-3 (D-1XD+3) <5)(7) 

y g =y 4 =y P r U» JaJ : CIS 



4 4 



: J— 

: ^ <LU*B AbUuJl b^y = eX x o^j^ 



A 2 + 4A + 3 = 



..(A+ J) (A+3) = => X=-l,-3 



•'■yk = cie~ x + C2e' 3x 



y p U. !3U Ja,ji : 1*12 



= nJ * J Sxe" -(*]= [8xe x -6] 



1 -8xe'=8e x 1 



(D+IXD+3) (D+2)(D+4) 

e _ =-x=e )(/-- -)x 



0X0 2 4 

=e'(l-^Xx-l)=e*lx-J--l]=le*(4x-3) 
1 4 4 2 4 



(D+/)(l>+5) 5 



=i-e*(4x-5) + 2 
4 



•y » Jfe = +c 3 e- J * +4e' (¥x-3)+2 (I) 

4 



Scje- 3 ' +-e x [4+4x-3] 



4 ** M+4 



.*. y'--c,e" -3c 1 e Sx +—e*(4x+I) (2) 

4 

><0)=^ => _^ C/+ c 2 -|-2 (3) 

4 4 4 



-10 5 
— =-2c, => 2c, =0 c, =0 

4 2 2 2 2 



(4) . (3) t-w 



// /i 

4 



(D , -£^^ = 2cofx 



- u. - 

: 

(D } -D 2 )y = Ja-^rVjl 
yh - ci + c& + cie +Jt 



. v„ =2 r cos x = 2 cos x = (/ + D) cos x = cos x - sin x 



y =yh + yp = c i + C2e~ x *C3e~ x + cosx-sinx JaJ : Ul» 



U-ttill %bUJI fUH JaJ ±>>J 

(D 2 - D + 5)y = sin 2 x 

<LU^J1 J chwj^I j cU1£11j . y = e ix jA JaJ J <>! JUL 



X= 2 = 7 ~T l J^Jukab 

2 <? 



^ {sin2x} 



-(2) , -D+5 



l-D 
1+D 



{sin2x} 

{sm2x} 



(7 + DX/-/)) 

= {l-D 2 ) {Sin } = ~J~ {Sm } 
- -j (sin 2x + 2cos2x) 



y p = — (sin 2x + 2 cos 2x) 



jk SlUJI AjL^UJ r U JaJ Qjlj^ 



y = e 2 (A cos x + 5 sin x) + — (sin 2x + cos 2x) 



. j(-a 2 ) = a& ^ J*J (jSSlii*- ^ JUI ^ij 



(D 2 +4)y = sm2x ^^y&S aji^ll f UI JaJ ^. J 

(D 2 +4)y = 

y H =Acos2x+Bmn2x 

. CkJ& CP& A,B 

v . s — — {sin 2x} 
* p D 2 +4 X 

: AJU AijjLB f HW» Udi »j* ^(-ot 2 ) = #(-4) = J ^ j 
e" = cosx + /sinx : J i^j jsl^> ^ <tj&i o* 



^taJ *j?J = cosx = Re.(e*) 
< ^l»i*'ti * j>J =sinac = Im.(e' r ) 



2>' + 4 



1 

(D + 2i) 2 +4 
1 

D 2 +4iD-4 + 4 
J 



{J) 



D 2 +4iD 
4iD 4i 



/(J 

4i 16 

Im.(cos2x + isin2x).(--i+— ) 



= — sin 2x - — cos 2x 
16 4 



> SlL*JI <iLbii3 aLU-JI f UJ) J=J jjjl, ^ 



/ x 
>4 cos 2x + fisin 2x + — sin 2x — cos2x. 

16 4 



CkM&l utbli A,B 



-Ul- 



AjL-Utf AhUJl ^UI J»J J tip c£*i JSJ \* j» 

(D 2 +4)y = cas2x 

J* 

1 x 
y = Acos2x + Ban2x + — cos2x +— sin2x. 

16 4 



[sinhmx 



7 fcoshmx _ i 
fKD 7 ) ~ [sinhwx = ^(/n 2 ) 



coshmx 
sinhmx 



(D'-*D , -P)> = 50sinh2x 



(D 4 - 8D 2 - 9)y = 
A' -SA 2 -9 = 



(X 2 -9M 2 +l) = 
(JL-3)(A,+ 3)(A. 2 +1) = 



A = 3, A = -3 , A = ±i jjS>9 Ifl* j 



^ A as c,e Jx + c^e"** + c, cos x + c 4 sin x. 



• ^jW* 3 * 1 C,,C 2 ,Cj,C 4 dip. 



50 sinh 2x 50 sinh 2x 



16-32-9 -25 
y p as -2 sinh 2x. l^lt j 

jk &UU«B U^l£B U>U-B r UI JaJ oj^ ^ 

y = c,e 3 * + c 2 e" J * + Cj cos or + c 4 sin x - 2 sinh 2x. 



(D 4 -T)y = / cos x. cosh x 



(D 4 -I)y = 
A 4 -1 = 

{A 2 -I%A 2 +1) = J^JbkaL 

A = /, A = -J , A = ±i jjM W^j 

_y 4 = c,e* + c 7 e" x + c s cos x + c, sin x. 



^ = -^-y{/0cosx.coshx} 

- Re. — r r {e". 

{D 2 -l%D 2 +I) x 2 



e U*l)x g (i-l)x 



JRe[ ((;+0' -ix(/+0 2 + /) + ((t-W -iM-r> 2 + i) ] 



= 5.Re.[ - + ] 



.e e e e 



= J.Re.p-^- + -^-^-] 
-J -5 

= -Re.(« Jt +e-> <I 

= - Re .2 cosh x(cos x + /' sin x) 

= -2 cosh xcosx 

y = c,e x +c 2 e~* + c,cosjc + c v sinx-2coshx.cosJt 

• ^J 1 ^ 1 c,,c 2 ,c 3 ,c 4 ^ 



(D-l) 2 (D + l)y = -2e x 



: J aJ 

(D-1) 2 (D + l)y = 

SjfrLnJ 4H*-all ji Jaj t^iyjajllj J^U&L. y - e Xx jA Jail iJ (jijiii 
(A-/) 2 (yl + i) = 



. UA. 



J'a = c,e' x + (c 2 + c 3 *)e x 



(D-1) 2 (D + 1) 



" 2 (O 



(£>-/)'(/ + /) 
-2e 



2(D + 1-1) 2 ^ 

jA sUmJI <A^Lilll ^UA JaJI jjl, ^ 

.y = c,e~* + (c, + c 3 x)e x - y x V . 



: Jl 1. 

U^liGll <LU-.11 r UJ| JaJ ^.J 

(0-2)j/ = 5e*(x + /) 



{D-2)y = 
A-2 = 



= -3e'—!—{x + l} 
l-D X 

= -3e*{l-D)-'{x + l) 
= -3e x (l + D + ...){x + l} 
= -3e'(x + l + l) 

y p =-3(x + 2)e x W^J 

j* ALUJG f UJI JaJ UJ^> ^ 

^ = c/ JI -3(x + 2)e Jt . 



D 2 (D 2 + 4)y = 96x 2 
D 2 (D 2 +4)y = 

X = 0,0 , A = ±2i J^jJ^kjlb 



^ A = c, + c 2 x -h-Cj cos 2x + c., sin 2jc 



*" D 2 (D 2 +4) X ' 

m i .. d 2 w , 2t 

, At I 1 D 2 N( 

= 24 {—r + •••){*} 

X D 2 4 16 n ' 

^24(^~--x 2 +-) 
12 4 8' 



y = 2x 4 -6x 3 +3 



jA SUaxJI ^ilUiUull ALljuiU ^UII JaJI jjSj cdlij 

^ = c, + c 2 x + Cj cos 2x + c 4 sin 2x + - x 2 + 5 

• ^J^ 1 ^J* C„C 2 ,C 3 ,C 4 dua. 

; J 1> 

(£> 3 -D 2 +4D- 4)y = 50 (e x + cosix) 

: J— 

(D 3 -D 2 +4D-4)y = 

X 3 -X 2 +4X-4 = 
(A-1)(X 2 +4) = J-iauJjktfb 
A = 7 , X = ±2i i^JjMoAj 

y h = C/g* + c 2 cos 2x + sin 2x 



1»T . 



{e +cosix} 



D 3 -D 2 +4D-4 



50 e* 50 

(D + 1) 3 -(D + 1) 2 + 4(D + 1)-4 U + D'+9 + 4D-4 { *' 



D 3 +3D 2 +3D + 1-D 2 -2D-1 + 4D + 4-4 

+ 50 Re.— r-^ {e J,x } 

Z> J +-/Z> + 5 1 ' 

= . 5Qg . X {7} +50 Re. j-f- e 3it 

D 3 + 2D 2 +5D X (3i) 3 + 4(30 + 5 

m 30f_ (1+ *+2D , +5(?Re 7 

5D 5 ' 1 ' -27i + 12i + 5 

= 70e x (— -- + ...){/} + 50 Re. — - — e J,x 
D 5 5 - 75/ 

= 10e x (x--) + 70Re.— — e J " 
5 7-3/ 7 + 3/ 

2 70 

= 70e'(x - -) + Re .(7 + 3/)(cos Jjc + / sin 3x) 



2 

10 e x (x - —) + cos 3x - 3 sin 3x 



jA SUmJI AjLoliill ^UJI JaJ jj^J .illjj 



2 

,e* + c 2 cos 2ac + c 3 sin 2x + 70e* (x - —) + cos 3x - 3 sin 3x 



; J 1> 

AaLbliull <hl**U ^Ull JJI 

(£> J -.5£> + <5).y = ./00sin4x. 

; J aJI 

yf-J^l + tf = 



=c,e 2x +c 2 e Sx . 



y. = — : — {100 sin 4x) 

• {sin 4x} 



= -20 Im.— — {e 4ix ) 
D + 2 X 



= -20Im.-^— - (i + -ii_)-'{7} 
4i + 2 4t + 2 

= -20Im.-^-(/ + .){/) 

4i + 2 

e 4i * 2 - 4i 
2+4i 2~4i 

= 20Im {cos4x + isiti4x){2-4i) 
20 

4cos4x- 2 sin 4 x 

ja slLxJ ^LLblijH ^UH JaJ (j^L ddlij 

+ c 2 c ix + 4 cos 4x - 2 sin 4x 

• u^jM**' c„c 2 ^ 

AijLu (_>-<aLaJI (JaJI jlaJ (jSLu 

-20— — {sin4x} 
D + 2 X ' 

= -20—!—.-^—?-{sin4x} 
D + 2 D-2 X 

D-2 

= -20 — : {sin 4x\ 

D 2 -4 

D-2 

= -20 {sin 4s} 

-16-4 

={D-2){svn4x) 
4 cos 4x-2sva4x 



• J — *> 

(Z) + 7)^ = x sin jc. 

: iU— aJl 

>>„= — {xsinx} 

ix 

= Im. — - {*} 



1 + i 1-i 1 + i 

= Im. v (x—T t) 
2 / + / 

=Im.— .(*(/ - -— ) 

2 1 + i l-i 

= Im. (cOSX+ 2 /sinx) (x(/-0 + 



^ = ^- (sin x - cos x) + — cos x 



jA SlLcJ AaLblftll aHjuoII ^Uil JaJI qjSj tillja 



y = c,e + — (sinx-cosx) +— cosx 

2 ^ 



(D + )>> = a cos /nx + 6 sin /nx. 



; & 1» 



^jIjp a,b ^ 



(£> 2 + ro 2 )j> = 



A = ±m/ JJ^?JI UJ^ W^J 

y h =c, cos mx + c 2 sinwix. 



1 

y = — {a cos mx + b sin mx} 

D -m 



= fl {cos ffw} + 6 {sin mx} 

= aRe. , 1 2 {e"»} + ftlm.-- r ^- r {e , "> 

D 2 +m 2 D 2 +m 2 



1 —fe Unx \ = il\ 



D +m (D + imy + m 2 

= e imz . — 5 — {7} 

Z) + 2imD 

6 (/+#■)-' w 



2/iw£> 2/ffi 

«*" 7 7 
= — (— — + ){7} 

2im D 2im 
e imx i 
2m 2m 

= — - (cos mx + 1 sin mx)(ix - — — ) 
2m 2m 



D / I , ten J , COS WUC 

O + m 2m 2m 



+ xsinmx), 



\ m i 1 r-«»x^\ sin rat. 

1111 (-r^ r {e }) = —— (x cos mx ). 

D 2 +m 2 2m 2m 



(jl gin mi lift 



a , coswx . „ b sinmx 

>V = — (— : + xsinmx) — — (xcosmx--^^). 

2/w 2m 2/m 2m 



jA SlLsuall AjLaUill aLUmII ^UJI JaJ ^ 



^ = c, cos»a + c i sin/nx + — (-^^ + xsin/wx) 

2/m 2m 

b sin/wx. 

(x cos mx ). 

2m 2m 



. <lul jj C,,C 2 tiija. 



1. y'-14y'-48y = 


2. y'-12y' + 27y = 


3. y'-6y' + 9y = 


4. y' + y'-2y = 


5. y' + 2y' + 5y = 


6. y" + 12y' + 36y = 


7. y* + 3y' + 4y = 


8. y" -2y' + 4y = 


9. y' + 2y' = 


10. y w -8y' + 16y = 


11. y" + 4y' + 13y = 


12. y m -2y"-y' + 2y = 


13. y (4) -2y m + 2y*-2y' + y = 


14. 4y {5) -3y m -y* = 


15. y w +13y' + 36y = 


16. 4y (4) -23y"-y' = 


17. y'-lOy 1 + 16y = 6 


18. y"-5y' + 6y = 7 


19. y" + 4y' + 5y = 10 


20. y + 4y + 5y = x + J 


21. y'-5y' + 6y = 3x 


22. y'-y' + y = x 3 


23. y" + 4y' + 3y = x 


24. y'-y = x 2 +2 


25. 3y" + y'- 14y = 2e x 


26. y' r -5y' + 6y = 7e 4x 


27. y*-y = e x 


28. y' + y' + y = e 3x +5 


29. y"-5y' + 6y = e 2x 


30. (y"-2y) 2 =e x +xe 2x 


31. (y'-2y) 2 =x 2 e 2x 


32. y*-6y' + 9y = -! T e 3x 

X 



- u. 




33. y-y^ix + Stf* 


34. y' + 9y = (x 2 +l)e 3x 


35. y -7y' + 6y = (x-2)e x 


36. /-6y' + 10y = x 3 e 3x 


37. y"-5y' + 6y = 9sin2x 


38. y'-5y' + 6y = 9cos2x 


39. y" ~4y- sin 6x 


40. y" + 2y' + y = 3cos4x 


41. y"-2y' + y = xe x sin x 


42. y' + 2y' + 5y = 2cosx 


43. y" + 4y = cos2x 


44. y"-y = 3e 2x cosx 


45. y" - 2y' -y = e x cos x 


46. y u) -y = sin2x 


47. y'-4y = x 2 e 3x 


48. y" + 3y' + 2y = x sin 2 x 


49. y' + 9y = 4s\n3x 


50. y"-y = x 2 sin3x 


51. y* + y = cosecx 


52. y' + 4y = 4\m2x 


53. y" + y = secx 


54. y" -y' -2y = Wcosx 


55. y"-2y' + 3y = x 3 +sinx 


56. y' - 4y' + 4y = x 3 e 2x + xe 2x 


57. y' + y = 3cos2x + 2sin3x 


58. y' + 3y'-4y = sin2x 


59. y'-2y'- 5y' + 6y = (e 2x + 3) 2 


60. y"-2y'-5y' + 6y = e 4x 


61. y m -4y' + 3y' = x 2 


62. y" + 5y = sinx + 2sin2x 


63. y'-9y = 3-9x 2 +27x 4 


64. y' + 6y' + 5y = 104e 3x 


65. y m + 4y' + 4y' = 8e- 2x 


66. y' - 5y' + 6y = 25 sin 4x 


0/. y — i uy + jijy = x e 


oo. y + zy — z'tx 


69. 4y' + 8y' + 3y = e x {x 2 + sin -) 

2 


70. /-3y' + 2y = x 2 +3x 


71. y' - y' + 5y = sink 2x 


72. y l4) -8y' + 9y = 50 sinh 2x 



73. y _ y ' + 4y -4y = 50(e x + cos 3x) 74. / J) - / = 12 e x + 8e~ 2x sinh x 

75. y {4) -6y"-8y'-3y = 256(x + l)e 3x 76. y" + 4y' + 4y' = 8e- 2x 

77. y (4) - y = 10 cos x cosh x 78. y'-y' + 3y = e 2x 

79. y' - 8y' + 15 y = 30 80. y' - 6y' + 9y = e 3x 

81. y" - 3y' + 2y = x 2 82. 2y"-y'-y = xe x 

83. y'-y' + 5y = sin 2x 84. y' + 9y = sin 3x 

85. f + 4y' + 3y = x 86. y' + 9y = (x 2 + l)e 3x 

87. y'-10y' + 9y = (x-2)e x 88. / -6/ + 9y = x 2 + 2x + 1 

89. y'-2y'-3y = e 2x 90 - y' - y' + 5y = svoh2x 



tj*M *>WUll aft iULtttoll QfctaM 

"7%e differential equation variant coefficient" 

<*ny in) + «»-y"" ;> + + a t y + <W = /(*) . «» * 

6* <bU^j x J8L*JI jjiU Jj^ f{x),a ,a„...,a n <> J* J dua> 

fl„y w + ^-//""^ + + «// + «„y = o 

» JJ«i» C£L*Lm CLil3 Am')l>*u A^j jill AjjjS (j« 4^Lalfi Alii*-* 

. x Jfc*-» jjAU ^ Jj± a ,a, a„ (> 



" Elder 's differential equation " : 4*fcfittiJf jJgt - \ 

a^y' + aw' + aj^fix) (I) 

- ^4J> a 2 ,a„a du* 

o±ij£& WW *H*-B JaJ 

x-e' or f = lnx 

ax dt ax x dt ° • 

xD = (9 (3) C^k^j 



- UY. 



d 2 =^-e+-^ T e 2 a^i^i 



X X 



x 2 D 2 =0(0-1) (4) J J 

J CM c£*i (3). (4) <> 



x'D' =0(0-1X0-2) 

x"D" =0(0-iy(0-2)...(0-n + I) 

J (1) ibbuJ J» (3) j (4) u- O^iJ^i Jih 

a 2 0(0-l)y + a,0 y + a y = f(e') 
(a 2 2 +(<*, -a 2 W + a )y = f(e') 

US (/) AaLbUoB jL j m*J f Ui JaJ oUJ ^ JbLj . aU 



U^\£l AbU^ll ^UB J=J 

(x 2 D 2 -2xD+2)y = 4x 3 



xD = 



x D =0(0-1) 

(0 (0-l)-20 + 2)y = 4e 31 
(0 2 - 30 + 2)y = 4e 3 ' 



(0 2 -J0 + 2);y = 



y h =c,e' + c 2 e 2 ' 



uWjV^ 0^ c,,c 2 ^ 



y? = 



2 - 30 + 2 
1 



3 2 -3x3 + 2 



y = c,e' +c 2 e 2 ' +2e 3 ' 



{4e 3 '} 

.4e 3 ' = 2e 3 ' 



y = c,x + c 2 x 2 + 2jc 3 

• ChJ*^ Cfi& c,,c 2 il^k 



*hU-ll r UJ JaJ j^jl 

(x , i) , + 2xZ)- 2)y = 



(jU &=4~ J U^JfJ x = e ' l S+0*& <Jl*iJj 
at 

xD = e 

x 2 D 2 = 0(0-1) 

x s D 3 =0(0-1X0-2) 

(0 (0-l)(0-2) + 20-2)y = O 
(0* -30 2 + 40 - 2)y = O 



(A-l)(A 2 -2A + 2) = J ; u».«. 

jA JaJ (JjSj liilL 

y = c,e* + e' (c 2 cos r + sin / ) 

>» = c,x + x(c 2 cos(ln x) + sin(ln x) ) 



U^ltil ^LU^l ^UJl J^J| 



x 2 y*-6y = x 2 +-^- 
x 



(jli <J o^j^j x = e' o±jj*$ flmjj 

xD-0 

x 2 D 2 =0(0-]) 
(tf(^-/)-^ = e 2 '+e- i ' 



(0 2 -0- 6)y = e 2 ' +e' 2 ' 

(0 2 -0- 6)y = ^ A^jUlJ U>U*B 

^* = c,e J ' + c 2 e~ 2 ' j* Aj^Uj-B aLUJI Ja. jjSj ciUlj 



^=-1—^ {e 2, +e- 21 } 

yp e 2 -e-6 

e 2 -e-6 x ' e 2 -e-6 x 

e 2 ' e' 2 ' 
' {/} 



4-2-6 (0-2y -(0-2)-6 

= — e 2 '+e- 2 '^— {1} 
4 2 -50 



4 5 j 



J* J»JI 



. w . 

j* illMuafl U^liiSI ^UJI JaJI JjSli (illL / = ln* x=V <£lj 

j> = c,x J + c 2 x - ' - - x 2 - - x' 2 (In x + -) 
¥ J 5 

• ^'>» C„C 2 <iu». 

Uj«\£fl <bl*-ll f\A JaJ JbJ 

(x J £> J + 2xZ> - 2) j> = x ? log x + x 

: J — 

y h = c,c' + cos/ + Cj sin/) 

• *^J& c„c 2 ,c 3 



.21 



(0 + 2) 3 - 3(0 + 2) 2 +4(0 + 2) -2 W 



w 



(0 + 2) 3 -3(0 + 2) 2 +4(0 + 2) -2 



e 2 ' 



3 +30 2 +40 + 2 {t)+ 3 +0 {1) 



= ^ (/+i£±i ^ ) . ;w+e ,y (7+ ^ ) . /{7} 

= ^(l-20 + ...){t} + e'(-L-...){l} 
e 2 ' 

^lj(t-2) + te t 



y-cfi* + e'(c 2 cos/ + c 3 sin/) + -^(t-2)e 2 ' +te' 



> illauJ U-tftf *hU*ll r Ul JaJ ujSjs / = ln* l^j-j x = e' lA, 
y = c ; x + x(c 2 cos(ln x) + c } sin(ln x)) + (In x - 2)x 2 + x In x 



U^l£H 4hUJU r UD JaJ ^.J 



x V ~ V + - ^ = ^ In x 



at 



xD=e 

x 2 D 2 =0(0-1) 
x 3 D 3 =0(0- 1X0-2) 

(0 (0 -1X0-2)- 40(0 -I) + 89-8)y = 4t 

(0 s - 70 1 + 140 - 8)y = 4t l^j 
(0 3 -70 J + 140-8)y = O 

(X-l\X-2)(X-4) = Jjkilb 



. Wo. 



**~ 3 - 70 2 +140 - 8 {4t) 

^v- 14e - 70 8 2+03 r'n 

-1 14 
2 8 



y = c.e + c,e" + c,e - — (t + — ) 
' 2 3 2 8 



j* JaJ tjjSj ciUi) 



y = c,x + c 2 x 2 +c 3 x 4 — — (8\nx + 14) 

16 



4jL^L£B aLU^II f UA JaJ j^J 



x 2 y'-xy-3y = x s 



xD = 

x 2 D 2 =0(0-1) 



(0(0-7)-0-5)j/ = e 5 ' 
(0 2 - 29-J)y = g* 

(0 2 -28-3)y = 
A 2 - 2A - 3 = 



1 1 ,» 

e = — e 



25-10-3 12 

y = c,e 3t + c,e w + — e 5 ' j* ^ 

72 

j -,1s 
7 1 12 



wv. 



4jL*lijA iUjuti ^ JaJI 

x 2 y" + 2xy' -6y = Sx 2 + 6 

: J aJ 

xD = e 

x 2 D 2 =0(0-1) 

(0(0-l) + 20-6)y = 5e 21 +6 
(0 2 + 0-6)y = 5e 2 ' +6 

(0'+0-d).y = 
A 2 + A -6 = 

A, =2 ,A 2 =-3 «h jjM J ^ 



- WA. 



(jbjliiil Jbjfc c,,C 2 



>V = — +6} 

P 2 +0-6 ' 



= 5e 2 ' — - + {6} 

(0 + 2) 2 + (0 + 2)-6 2 +0-6 

= 5 e 2 ' —r^- {1} -1(1- 2 + *-)-' {6} 

2 +50 ' 6 6 

= 5 e 2 ' ±(l + ly' -°lf-)-'{l} 
= e 2 '-L(l-2 + ){;>_(/- ){/} 

^-j)-l 



y = c,e 2 ' + c 2 e 3 ' + e 2 ' (t - -j) - 1 



jA JaJ jj&J lillju 



jA ilkuB U^liuM AM**!! f l*!l J=JI ojSj ^ x = e' jSlj 



^ = CyJC 2 + c 2 x 3 + x 2 (\xi X - -j) - / 



: J 1. 

U>±\£& <bWl fUH JsJ ixj 



x'j>" + 6xy' + 6y = In x 



& = ~Jt ^ L>hj ^ J x = e ' u*o*M /J-^Li 

(0(0-l) + 60 + 6)y = t 

(0 2 +50 + 6)y = t iti+j 

(0 2 +S0 + 6)y = O 

y h - c,e~ 2 ' + c 2 e~ 3 ' j* A^uUlJl AiiLJ J*- o&? 

. cfej£*\ cfi& c„c 2 & 



6 6 ' Xf 



- u. - 



jA (JaJI jjli dli) 



-2/ -1/ / 5 

y = c,e ' +c } e +—t 

2 6 36 



> sUmJI 2LL^Uill *lal*J] f U JaJ Qjl, dtb x = e' o^J 



-2 -J / . J 
y = c,x + c,x + — In x 

2 6 36 



. (jUjLuil jjtLlj c,,c 2 ily*. 



: QjJJti ctfjUJJ ?\*% 
i. x 2 /-Jx/ + S;/ = 2x 2 2. J/' + x*f-4x? = 4x + 6x i 

3. x 2 / + 5x/ + 5;y = (7 + -) 2 logx 4 x 2 / + Jx/ + = 4- 

5. jcy-3x/ + 4j> = x + xMogx 6. x 2 / + x/ + .y = lnx 

7. x 2 / + (5xy' + ^ = lnx 8. x 2 /-2x/ + 2.>> = 31ogx 

9. x V - 2x/ + 2y = (log x) 2 - log x 2 10. 2x 2 / + 15xy' -7y = Jx 

1 1 . x 2 / - xy' + 4y = cos(log x) 12. xV + 3x 2 / + x/ + 8y = 32x 2 

13. x 2 / - 3xy' + 3y = x 2 14. x 2 / - x/ = 2 

15. x J j/" - 3x 2 y* + 6xy' -6y = 2x 3 1 6. x 3 y m + 2xy' -2y = x 2 log x + 3x 

(1) x 2 y' - 6> = In x , y(l) = j , yV) = Z j- 

(2) x 2 y* - 5xy' + 8y = 2x 3 , y{-2) = 1 , y'{-2) = 7 



- UY . 



"Lagr angels differential equation " .- <UL0U*J| -f 

F[(ax + b)D]y = f(x) 

ox * 

fl (ox + 6 ) "y ( "> + a, (ox + 6 ) y M + a n _, (ax + b)y' + a„y=f(x) 

. a o *0 t cJJi a,b,a ,ai, tf„-/,a„ liya. 

jLjl *H** ^1 J^aai jjlja.V <H~> a=l ,b=0 j»b U^c. <sl 

<J-^j ^ c£U** CjIj ^jliUu *hU» ^ *hl*J Jjs^ z=e' , 2 = ax+b 

: * 

AaLbUill fUJI JJI 

(3x + 2)' /+ J^3ht+2)y - 36 y = 5x 2 + 4x + 1 

; J — aJt 

: ali z = Jx + 2 t>aij«jB jJ-ikluL 



= Z(^_^ +</ + ^_« + j) = I(^_7) 



+ i 



(00(6>-/)+90-56);>> =-j(e 2 ' -I) 



(0 1 -4) = J-(e 2 ' -1) V* J 

(# 2 -4)y=0 
A ' -4=0 

X,=2,X 2 =-2 ^ ojlM J 



y „ = c,e 2 ' +c 2 e' 2 ' 



„2( 



70S v " l ' 108 



e 2 



„2f 



70S ¥ 



1 ' 108 



y P = 



108 



t-- + 



2i -21 e 

y -cfi +c 2 e 



108 



1 




108 




('" 






4 



^ 1 

+- 



108 



fUH JaJ .iUjj z=3x + 2 L-J, f =Ihx l4i.jz=e' jSlj 
^c,(J* + 2) '+ c 2 (3x + 2)"' + 2 )"^) + 7^ 



(x + 2) , / + (x + 2y-> = x 



dy _ dy d 2 y d 2 y 
~dx~~ dz' dx 2 ' dz 2 



id 2 y , _dy 



Z - X + 2 (jiujauM j»l JaaJj 



AjLjaUull jLjl ALU* o^A j 



(0(0-7) + 0-7) >>=e'-2 



(0 2 -l)y = e' -2 



(0 '-7) y = 



A 2-7 =0 



A , = 7 , A , = -7 



- un_ 



-p$»M+'' •)« 



7(ff )«- 



1+2 



y =c.e* +c 2 e~'+— (/+—]+ 2 
2\ 2 J 



U^Uu» *LU*1] .UA JaJ ^jl 



. UV- 



o_£* z = l + 2x J o^J** 



dx ~ dz' dx 2 dz 2 



3 fif V rfV i 

¥z'-=-f- -4z-^ +<y =— z -/ 
dz* <fc ' 2 



(40(0-1)- 4 0+4)y = - e' -1 

2 



Ola =4- fr^J z = e' <jl a^j^ 



(^-2^+/)^=i-(e'-2) 

(d a -20+l)y = 
A 2 -2X + 1 = 



A , =1 , X 2 = 



>/ w =(c / +c i /)e' 



{/}i(; + (20-0'))-'{/} 



= T^ {i) "7 (i "^ + ^~ ){/} 

= fV 1 
16 4 

> JaJ o& <^J 

y=(c, + c 2 t)e + 

y=(c,+c 2 log (2x + /)(2x + i) + — (2x + l) log 2 (2x + 7) - — 

16 4 



^lfiH ILL*!] f Uil JaJI ^ jl 

(/ + 2x) 2 y* -6(1 + 2x)y' + 16y = 8(1 + 2x) 2 



\A\ - 

tjliz = 7+2* (J 



=2 <*l_ d 2 y _ d 2 y 

dx dz' dx 2 dz 2 



4z i*lZ. -12z^- + 16y =8z 2 
dz dz 



(0(6>-/)-30+<O>> = 2e* 

(0 a -46+4)y= 

X 2 -4A+4 = SjcUJI 

X , =2 , X 2 = 2 L»a <jjj^t (J ^ Jj^^j 



y = __L U e » \ 

P 2 -4O+4 1 ' 



2 ° 2 ' {1} 



(P + 2) 2 -4(0+2) +4 

= 2e 2 ' — } 1 {/} 

2 +40+4-40-8 + 4 1 ' 

= 2e 2 '-L{;} 




=t 2 e 2 ' 

jA JaJ ojSj dJlij j 

^=(c,+c 2 r)e 2 '+/ 2 e 2 ' 

^J—jJaliiB *M**il ^Ul JaJI (jjSjs z =2jc+ i Uiul j /=In x l^i-j z~e ' lA> 

>> = [c, +c 2 In (2x + 1) + In 2 (2x + l)\(2x + i) 2 

• ChM^ Cfi& Ci , C2 «i* 



- HI - 



: kjLXW CiVJUmII fSmS JaJ 



(*+/)V + (*+')/-;>' = iog(7+jc) 2 + x-; 

2) (x + 7) V + (* + W + y=4cos (log(x + /)) 

3) (3x + 2) V + 3(3x + 2)/ - 3(5^ = 9 
40 (x - 3) V + *(* - 3)y + 12y = l + 2x 

5) (x + l) 2 y'-3(x + l)y' + 4y= (1 + x) 3 

6) (x + l) 2 y"-(x + 2)y'-3y = x 

7) (2x + l) 2 y* + 2(2x + l)y' - I2y = 6x 

8) (2x - 3) 2 y' - 6{2x - 3)y' + 12y = l + 2x 

9) (2x + 3f y* + 3(2x + 3)y' -6y = 

10) (3x + 2) 2 y" + 3(3x + 2)y' - 36 y = 3x 2 +4x + l 



12) *lL = - w ' y> w = 



13) 





14) 




~r =sinx+x 2 +2x + 3 
ax 



16) 



d 2 y 



d 2 y dy , 



1 



.nr. 



CxXA sua i \\\ ■ rtUu ^jualaJI tllVlaJ (>«*jl * I^Ub ^ (j^j&Uui 

at rfy ax ax 

q&J* ^la-all (J-oISjIL oifc' (JaJj 



£1. 

dx 2 



-4x 3 +3x 2 -6x + 5 



— - x 4 + x 3 - 3x 2 + 5x + c, 
dx 

xx 3 5 

y- + X J X+C.X + C, 

J 5 4 2 ' 2 



. \M - 



d 2 y 

— j-=cosx+2x+3 
dx 



J>*v\> x ^ <J-»1£oK-j 



— =sinx+x +3x+c, 
fl&c 



x 3 5 2 

y = -COSX + + — -X +C,X + Cj 

* 3 2 ' 2 



d 2 y , y 



dy 



[pdp = g(y)dy 



dy , s d dy d P . c dy 

J*j*3uS SUaauJ AJLjal&B -UiLn-aB ^4 



tJ Jc. Jj-oaj till J*-aijj 



~/ = /*O0 dy 

•Stk*-J ^jLoliSB <bUuJ Ja. ^Jc Ji^aj J-l&SB j ^*JJJi)> j&Sjj 



d'y 



dp 

p-r--y + a 
dy 



pdp = (y + a)dy 



1 2 y 2 

2 F 2 



—P =^ + ay+c, 



P 2 =y* + 2ay + 2c, 



dx 



= p=-yjy 2 +2ay + 2c, 



f*- Jo-* -f 



dy 



=p— ujM -= p 



dx 2 



<Jy*~ + 2ay+c *J(y+a) 2 +(c-a 2 ) 



2c/ = c 



jj OaJ <ilij (j-o j 



- m - 



x=sinh -/ 



y+a 

V C 2 , 



+c, , b = (c-a 2 ) 



y+a 



=sinh(x-c J ) 



iJ ic J, <r> i Ifiaj 



> = ft sinh (x - c^) - a 



ax' ax 2 } ° 



i 4y „ ay 



/4 - 2yp-0 

dy 



J * y +c 
x- — tan"' ^— j+c y 



dp = 2ydy J <j\ 

dx 



y = ctan(cx-C2) 02 = cjc 



J aJ 



yp^—pU +p)=0 , p*0 
dp 



dp _dy 
1+p y 



In (7 +p) = ln>> + lnc/ 

1 +p = c,y 

■±=p=cy-\ 
dx 



c 3 cy-1 s i 



— In0>-/)=jc+lnc, 
c 



1 C) c 

>>=— +— e 
c c 



C2-CC1 



aV <fr fit 



X £Z-$L=3 , x *0 AjL^M aH*J 

<ir <& ax 



x-^-p = 3 J| 0*5* 



ax x jc 

^ <J*l£-fl JJmS uj^-> * *M ***** 



jA (2) J* Qjfcj 

X J X X 
X X 

etc 



x 2 



xy" + y'=6lnx (l) J x = *0 



x— +p=<51nx 
tic 

<& x x 



> J-^aD J-UJl ojSjj 1 AaL*. ibU* jjjAj 



I=e 1 =e b "=x 



xp=/6\nxdx + 
= 6[xlnx-x J + c 



ax x 



y = 6 [xhxx-xj -6x + c Inx + c/ 



j» (2) aLU-JI OjSjj 



: '<&\ AjLblii!! CjVjU-U f UJl JsJ j^j 

f. y" =6x 2 -3x + 9 ii. y'-3x 3 +5x + l 

Hi. y" + 3sinx-cosx + tanx + tf sinhx iv. y"-5y = 9 

v. y*-<y/ = y'-6y' = 2 vi. y" = 4y + 3 

vii. yy" - y'(2 + y') = y'*0 viii. xy'-y' = 6 

ix. xy"-3y' = 2 x xy"+y' = 2lnx 



c^U_*- *jLil£M o& Luit j 2UL«Uull Alal— L. J* Ji y b >j* 

L>- _i3 i^siiii* jSj <z> *sji ^ts ^ i j) j^- i^L.i*-Ji 

J 0±j& .{y,(x),(y2)(x),...,y„ (x)} WI >jS <A l*)Li *fi«LJI JjlaJI 
i^-^j-p (3c; = Aiyi(x) + ... + Sjj— B o-^ J ^ 

: <P(^ iil^ll J>-« J»j5j 

4JU1I 

SjjuaB ^ JsJ J (> Jiii .X /I **J.i 6* »J!^ <*W = P" 6> 

y p =Ay + a^ix"-' + ... +A 0) 

. *\ ji <14 j>Aj = o-0, 1,2, ...,n) 



ijyud Jc J=Jl J a±J& • cA->- Cp&a, k ^ 0(x) = ke m 
y p =A<T (2) 

(^— ie- J— aJ <ji t^ajSii . i-jk* »lut> fi k, k 2 fcj = j/» fix + k 2 COS fix 

» = ^ sin fix + B cos fix (i) 

cosine J sines ilitiLi* <jV * \ J */ J* cs^ <^ i-H 3 • ^TfcMit 

•cosines, sines <> JS j^k. 

-f 



» = e m (AnxT + ... +A t x + Aq) (4) 



. t.Y. 

*t 4>(x) = e m P n (x)sin fix £ lit l_J . ^.JjVl aJI-sJ ^ U_S A, 

lil ji ^ !«■ ji *>j ,\ r> j uii J a. o jjd__S c-ij i ri » *J» 

<j>»j ii. j *lh j jji^. l j ^ gSU tffc; = e m P„ (x) COS fix (j^ 

: J t>a jSii bjji cos i^ic 

» = e m sin fix (A„xT + A^ 1 ^ ... +A t x + Aq}+ 

e m cos fix (BjT + B tt .ixr'+ ... +Bpc + Bq) (5) 



(6J J) fr^ cU^ W ^ 'ij • W ^ 0" = 0,l,2,...,n,),Bj,Aj £ 

J a. LiJ jA ( <u^all Cul j£il (jc jlaill jiij t <_>i> jjLJI Jail t> -ia. <_/l jl£ I j] 

(>a jj L*ll (JaJI ^9 «-i jji-a £uLi (jjSj t*vrtj i-ia.>« iic jij-ol jA m 

• >fo £*• ^ ^ J^a. (JjuI 



f-y'-2y = 4x 2 

: J aJ 

6-^> a. <fift> = 4x 2 J <ij*v>,y* = c/<?"* + c 2 e 2x >k <>iL>l»ll JaJI 

rSj^-all iiL (j-aliJI JaJI Jih i (l ) fS^Ju * J jVl AlUIl ILL t <^ jj» 

y p =A2X? + A,x + A (I) 

» U_^liGfl UiUJI ^ ^tiili a iA (J^jjujj j;" = 2A 2 j y'p = 24,r + A, Jk&u 

2A 2 - (2A& + A,) -2(A 2 x 2 + A,x+A ) = 4x* 

(2^ x 2 + (-2A 2 - 2Ai) x + (2A 2 -A, - 2Aq)= 4x 2 + (0)x + 

2A 2 =4,A 2 -2A 1 =0, 2A 2 -A,-2A = 

(j-Jt f/; Jblbj ^ = .3, a 2 = -2,^/ =2 J ^ * fUiili I <J=u 

> + yp - C/e' x + cie 2 * - 2x 2 + 2x -3 



y"-y'-2y = e 3x AAiliSfl AhU-JI Ja. 

: J— ^ 

" .nj j_^»J t^Mjj t (fifty = e 3x J <iua. j y k = c/e"* + c*? 2 * > ^UUI Jail 

: * jjx-all ^ oaliJI JaJ ^jSj ■ a = 3, k = 1 t»n -> ^jlill All aJI 

P^'j ;y' p = J^* JUL, * », -ifc* ^ 
j\4A = 1 J «iLJj o— «-4Lf ^ ^ " J 9Ae 3x - 3Ae 3x - 2Ae 3x = e 3 * 
* = yn + >V = cfi" + + 7 « 3 * 

AuL-ttiil ihUJI Ja. 

y"-y'-2y = sin2x 

: J — aJt 

ii*-au ^jaJ tf Mj J * ^3c> = sin 2x J = c/e"* j» o-jLaUl JaJ 

is _± ^L^JI cUJl ,jj ^ Jcj • /?= 2.*/ = l,k 2 = ^ ttO 

y ' p = 24 cos 2x - 2B sin 2x J^JiSLj y p =A sin 2x + 4b cos 2* fty : Sj>— « M 



jj <■< t 2 .^U*.W aI^UaII ^ gjtufl ftiA ^iwjjujj . _y"= -4/1 sin 2x - 4B cos 2x^ 

(-4 A sin 2x - 45 cos 2x> - (24 cos 2x - 25 sin 2x> - 
2(A sin 2x + 5 cos 2x^ = sin 2x 

(-6A + 2b) sin 2x + (-6B -2A) cos 2x = sin 2x + (0) cos 2x 
-2/1 -6"5 = 0,-5,4 + 25 = ./ 

ti ~/20, 720 u • P 



rSjj^ll AHJI JUL, 



y„ = sin 2x+— cos2jc 

20 2 



jA ^l»JI Jail QjfriJ 



y=yh+y P 



3 1 

=c.e~ x +c,e 2x sin2x+— cos2x 

' 20 2 



- 1\\ . 

/*- 6y"+ lly'- 6y = 2xe"* 

: J aJ 

P„ > « <8fo* - /*« ^ UJ *JJ • JKA = CyC* + c 2 e 3x jA (>u U ., <J_-aJ 

(j« Jiii t (4) <bU-*B ^ hVu< b . (^IjVt <— a j^B (j* JjJ — =k a j \\ < , i (x) = 2x, a = 1 

y'p = -Aixe* + Aie~*-Aae~* 

y" p = Ape* + Age* 

y"'p = A t xe x + 3 A t e x -Age* 

-24A, = 2,26A,- 24A = 

A « = ~ 13 /i4r ^'Yl ^ J 



7i_ 

2 



- XU - 

: J — 1» 

^"=^ + 2^-1 

' J— 

>>/, = Cyx + c . 

<pfx; = pjc 2 + 2x~ i 3 

,y p =^2^ + A]X + A 

£ — a iSjJ — iLa J j^Sk 4J yaJ x m (AjX 2 + AjX + AJ (J 1 * '„'>,' S^J* % l L<f> -"^ 

jcf^x 2 + + ^oj = AjX 3 + A/x 2 + /lox 
(^x 2 + A,x + ^ = Ajx 4 + Aix 3 + A<pc 2 



y"=9x 2 + 2x-l 

J =^ 

jA y"= = 4j».L-x»SI ^L-jUi*ll ^Ldlioll 4iiUJ3 ^UlJl JaJI 

12A 2 x 2 -6A,x + 2A = 9x 2 + 2x-l 



a 2 - , a, — » Y2 

: £f^u (1) jjla ^Mjj 

5 v 7 , I 2 

y= — X + — X X 

y " 4 3 2 

: j* fUl JaJI JjSjj 

3 4 I 1 1 2 
y = c,x + c () +-x +-jx -~x 



- ru - 



: J 1» 

. y p = yioe 5 * oj^ J y p (J^ t>*a^l 

: J. ^Vi * (m =1) x ^ 
y p =Aoxe Sx (l) 

J-^j ■W-fjll AjLbUill <bl*JI ^ y' p = /f^* + 5^oxe 5 'j (l) a* o^U^hj 

O&i&jAoe 5 * =2e 5x 

jfc ^1 <JaJ Oj^j = 2e 5e '» jjx^ll t^lc ^ 4bl*J! jj^mj « ,40 = 2 
^ = (cl + 2x)e 5x 



1) (D* + 2D + 5)y = 12 e x - 34 sin2x 

2) (D+l) 2 y = 2e x 

3) (D -2) 2 (D + 3) = We" + 25e 3x 

4) y"-2y'-3y = 12xe x 

5) y"+ 2y'-8y = 16x-12 

6) (D 2 + 4)y = sin x + sin 2x 

7) (D 2 + l)y = f + 3* 

8) (D 2 + 4) y = 8x + 1 -15e* 

9) (l9 + D)y= 15 

10) (4D 2 +4D+ l) = 7e x +2 



(&Li£ll) 



Variation of Parameters 

/ + a / / + a^ = /(x) flj 

.x J£*i«J jjiUI (^iilb a )5 «2 'V 4 - 



y' + a,y' + a 2 y = 



(2) 



= Ay, + By 2 



JljJ y-» (J* yt jauu Uili (/) ^Ljaliolt ^jUaU y p y^UJ JaJ .il^y yYI J 

oj^i-al! Jc y-alijl (JaJI yjSijj jc jJiidl ^ 

v = A(x)y,+B(x)y 2 (3) 



y^Ayl + A'yl+Byl + B'y', 
Jo cJx-aaj (/) AjLblsiill *1>UJ! ^ y' p ,y' p ,y p y* JS yc y^jj^ilLj 

4tf + + By* + B'y' 2 + a,(^ + By' 2 ) + a 2 (Ay, +By 2 ) = f(x) 



My, + «,/ + a^K/, + B{y] + a,/, + a 2 >> 2 ) + A'y) + 5'^ = /(*) 
tf + tf/Z + a^, = , 

A'y'^B'y'^fix) (5) 

f Ull JaJI JUJ jlo <ii&j (3) O^UJi JaJ ^ Uk ^ Oj^ 
2j ~; ..A AibjlaM si* 4J <W>L» . (/) i»Li»liili ^H**l] y (; =z y h +y p 

— , secx, cotx, tanx, Inx, sin"'*, 

x 



4j*Ja* 4tt*l -r 



(D 2 -6D + 9)y = 



yf yiajj_juSl j JUaliulb . = e Xx I J>-aH ^ <LU-J eAA J*, yl yijisj 

A 2 -6A + 9 = 

: LoA 4Hju*1I yl JaJ (Jjlaulbj 

jA A . ft'iU . 'u . l l ija*. yjSjJ 

y A = + Bxe 3x 



- TYt - 

y p = A{x)e 3x + B(x)xe 3x 

• x ^fl ojilb 

y' p = 3Ae lx + A'e 3z + B'xe 3 * + Be 3x + 3Bxe 3x 

J iUauJI *jL*UsB *H»-1I ^ ^, ^ <> J* i> 

9^* + 3A'e Sx + 3fle J * + + 3B'xe 3x + 3Be 3x + 9Bxe 3x 

- 18Ae 3x - 6Be 3x - 18Bxe 3x + 9Ae 3x + 9Bxe 3x = ^- 

x 

3A'e 3x +B'(l + 3x)e 3x 



3A' + BXl + 3x) = \ (2) 



x 2 



X X 



A = -lnx , B = -- 



y = -e 3x In x - — xe 



3x 

xe 

X 



J (2) j (1) oplaUJ <J*j 



v = ^ + Bxe 3x -e 3x \nx-- xe 3 

x 



iJ^liUI 4hU^l *UI JaJI 



• J aJ» 

X 2 -1 = 



A,=J ,A 2 =-] 



y h = Ae x + Be~ x 



y=A(x)e x +B(x)e-" 



y'= Ae x + A'e x - Be~ x + B'e- X 



o j_y*-all (jJc v (_^laJI (Jail (jl (_^alj3sL 



x ^ ojilb A{x), B(x) 



A'e'+Ve" = <7J 



/. = Ae x + A'e x + Be~ x - B'e- X 



J SlLxJI <}Lbliu]| <bt*J ^ ^, ^ , (> JS t> o±iJ*&i 



Ae x + A'e x + Be-' - B'e~ x - Ae x - Be~ x = 2 



l + e x 

A'e'-B'e-'=—?— (2) 



iji (2) J (7) jJjtaUJI £A2kJ 



2A'e x = 2 



l + e x 



c*(/ + c*) 



J J e*(7 + « x ) V h + e x 



e x dx 
e~ x +l 



^ = -e~ x +ln (/ + «"*) 



J Aau (i) j> (2) 



B'e' x = — 1 



l + e x 



s s I + e x 

B = -\n(l + e x ) Ifri-j 

j> p =e x (- e - Jt +In (7 + <T X In (/ + **) 

= -/ + <?* ln(/ + e- x )-e- Jt ln(/ + e x ) 

jA alk*-J AJLJalioll AliUJl p\j<l\ JaJ UJ^J 

y = 4«* + Tie"* - 1 + e x In (7 + O - e~* In (7 + e x ) 

. jjLjLiia.1 (jlilj ^4, 7?<^u*. 



y' + y = tan* U^\JlA\ aLU^U ^UJI JaJI j^jl 

: J — aJI 

/ + * = ^ ^uUUI ibUJI 

^ A = A cos * + 5 sin x ja ^UUI aJjUJI J*. jjSua 

>>, = ^(x)cosx + 5(x)sin X Sj^-J ^ ^ p jj^UJ JaJI J ^jiii 

• * ^ JjJ 



= ^'cosx-.4sinjt + 2?'sinjc + i?cos;c x J& AfuiilU JubliSlU 

-4'cosx + 2?'sin:c = ^ 

y' p =-Asinx + Bcosx JjSj li» <> 

= -Acosx - A' sin x - 2? sin x + B' cos* 



J Jai SUmmA UlLuJ j£, O* JS UC (jiyj^ 

- /I cos* - .4' sin x - 2* sin x + B'cosx + Acosx + 2* sin x = tan x 
-,4'sinx + i?'cosx = tanx 

AaJ jjShU-ll gt&j cosx ,J (2) '4k\*2\ j sinx ^ (/) AliUJI 

2?'(sin' x + cos* x) = tan x . cos x J 

(ji A^J J*1£jII j till JmI^I (Jj^aLj 

d ^ W i** (•*) 6- o^J-^J 

JdL4 = - J(sec x - cos x) dx 
= - Jsec xdx+ Jcosx dx 

A = -ln(secx + tan x) + sin x 



B' = sin x 



2? = -cosx 



1 + e* 



<£4 = - 



cosx 
/ - cos' X 



cos x 



oAJJi JaJ &i 

= [- ln(sec x + tan x) + sin x] cos x - cos x . sm w 
= [- ln(sec x + tan x)] cos x 

A cos x + B sin x - [ln(sec x + tan x))cos x 



X 



(3; y" + 4y = 2tonx (4) y" + y = secx 

y + >> = cosecx f# y + j> = cotx 

,7) y'-y = e x / x (8) / + ^ = tan"'x 



/ + fl> 2 ,y = /(x) 

v* i4cos(<»x) + Bsin(ox) + — isin(co(x-t)).f(t)dt 

to J 



a_bi*ji X 2 jl »a vU>ajU» ^un jaj ^ (r) 

i. x 2 y'-xy' + y = x 3 e x //. x-2x + x = e '/ 3 

/r 

Hi. x-4x + 3x = e 'X i 
/1 + e' 

. d 3 z .d 2 z dz e ie / 

tv. — r - 5 — r + 2 = e /, e 

dO 3 dO 2 dQ /1 + e* 



U*la*JI afrlall 



*jmm tiihUll (iil&Mtt 



. liljijjll l— U&J (j-mjijj ' < ,1ml nil 

:JL-A. 

m_J ji» 2/f Uj^i *ilLU tlAiJi ^1 jjjj ^4 725 /£> Wjjj 6- s 

. (2 ft) -V 6-c UjLmB s >>ll Sjill j* 725 /6 SjSfl <jjj a& • <y*^ 

. * = 64 lb/ft ji -725 = -k(2) J ^j-Jk jjilS <>j • F = -725 lb <j]* J&iJ 



- xn - 

L-^tal jLoj 4«Jb <il jjijll J jijii . A^XJl ^llij ul_>WI **■ **** 

i / <_JaaJ (jl ,1 ir, ^lalbj . 4£&l Acj« ^ t_uilu U Jug pi j^l i-jUu J j 

. e^jji .1*3*1 ^ o-issj f# (>) 

. F s = -Ax, A: > : «iljA jjili SlkuJI i ji (t) 

. vju-UjII CjjIj a tlua. F a = -ax, a >0 I jSa ^luu j »l j^ll <*,Uu SjS (r) 

| jj ULj t -Ax Oj^J UJ 2 x ijU t^»>» Ji-t iliilS I j] 

LjJ Jaa3b . UL. -Ax UJ^J ^ >• UJ* 3 * U 1 J 2 ^ 1 >• cfk' "-"^ 

mx = -Ax-ox + Ftf) J ^JCB Jijsfi 0^ t> uV» g^j • a > uV <dttj Al&ll 

: J 

.. a . A; F(0 ... 
x+— x +— x = — — (I) 
mm m 

(jjlii i X ^IJojI >» (> F Ac jmj f = L.JJG jail ftkill ijj I j] 

: JajjJtfl lull 

X(o)=x x(0)=K o (2) 

•j* (jft (> fC jB («lc j t -Lxl (1) '*k\ju& ^ Ajj^UJI ft j9 j^LjV 

. u «jikW ^Ijwjll t-i>Ll cf iLJI cijlall (> A3LaJI ^US > j>j AM t j*<a 



- xrv - 

.. a . k F(t) 
m tn tn 



4-1^*^2 ft A >j» JU»lJi t ^ 72« lb 1*3 jj <-A— » j>ijS Cik 

. t = n/12 S jSH (v) 

: J aJl 

.F(0 = O t ^UilL J A^jU.ij5^V . (1) *bl**lb *S jaJ (\) 

gi-Sj i g = 32ft /sec 2 , m = 128 / 32 = 4 slugs M OjSjj « jjij 
ijj_*-B lc (7> . * = 54 lb/ft J JjVl JL-UI o— 

: jA o^jj A = ±41 tu S>JI SLUuM Ijia. (jjSjj • *+16x = 

x (t) = c/ cos 4/ + C2 sin 4/ (X> 

OjS <JUI SJLSyt) * x = '/;// j* ujSi / = Utfc 

% = = Cl cos + c 2 sin = cy J ^ flJ «-» «SI^VI J->ill 



- trA - 

x(t) = - Vj cos 4t + c 2 sin 4t (2) 

Jc dua-aJ (2) tUlLJu V = ft/sec if* j UaL__c.l xJ, 

: <jla ^It j v(/) = *(/) = 2 sin 4/ + 4c 2 cos 4t 

= vfQ) = 2 sin + 4 c 2 cos = 4c 2 

: *H«-Ji jf-aj < c 2 = o <j1* JfciWj 

x^^-^cos^ 0; 

ja — = cos = ft 

\12) 2 12 4 J 

AiuA *ku«dl ^ial ^ill *£ jail tfjjjll J ^'JjViW JS> J i$ jjUl Aljoll OJC 

. ^ui j — ui ^ 



o = 4 cycles /sec. = 4 Hz 
/« 4/2 n= 0.6366 Hz 

T= -L = l*= 2.81 sec 
f VJ • 



- m - 



O& I jjjuj .la. ji . 150 cm/sec AjjIJujI Ac j*. AjUacAj A$ja. ^Ja j Jj&ull AiLa. 

. *l 2Ujli. JUaU « AlSlI A* j*. 

V <iV o ja. AliL^La j£ a£j*. ^ j ^ aLIjwJL ASjaJ AbU- ^iaau 
J i Jaja^tll Jaj-jll qa A- jlia ia. jj V J t = 4 aISII ^ 6 jj> A^jli. » jS 

. <_jj2 Jill jjk. k = 10N/m, m=2kg J* <il jjj jll *IuIj j aJj£ ujJbcl jSj . a = J 
aH*JI iji*. OA) • x + 5x = S jj-JI ^ (1) aLUJI Jtilbj 

x (t) = c,cosJJ t + c 2 sin& t (I) 

= x(0; = cy cos + c 2 sin = a J * (X) ^ — bU-H ^ ^1 jfcVI ia.pl 

Ac <'i jW-.i jSj tx $ = sin VJ / (2)i J>-aII ^jJt flj AM**]I 

J t ^ JLJjLuJI cU^j * v<> = 750cw / sec = 7.5 m/sec ^ j AjSIjSjVI 

7.5 = v(0) = VTc 2 cos = 45C 3 : uM v(f) = x(0 = VJc 2 cos VJ f 

i jj*-!! Jb (2> AhUJI j^-aSj . C2 = ~ = 0.6708 l+i-j 

v5 

x(O = 0.670«(sinV5/) ^ 



- u. - 

; J 1« 

aJESSH dL . i^ujUI AljL ^ 0.7m 4AkU £&aJb4jpj 70 % AtS cik 

•jX-xij k = a>/I = 140N/m, o> = mg = 98 N g = 9-8 m/sec 2 

Jc (1) AbUJJ jj^j . jU Sjl i+jtt) F(t) = j a = 00 uj& «^ t> 

x + 9x + 14x = (1) 
jl j /l 2 = -7, A/ = -2 La M *»>~ll <bl— H Iji* <j-&L> 

^ USB) jc^O; = ^l-frVI J> OjSSj a = c/« 2 '+ c 2 e 7 ' jA (/; 
jJ4 t^flSlUj t C, = - C 2 = + -j J di* <Ja*SJ* • (sjM-B 

jaJI *i_A JLJilbj « / co Luic wOjlkV. x = zl( e - 7 ' -e' 2 ') 

: J 1» 

. c? -4 km 



- tn - 



i jj (7) a_JjU-ii 3 <. F(t) = 01 jaJi jail uj^ 

a A; 

l« A uaJI 6 jj <mII AilU — all I ji-*. (jj— ^JJ ' X + — X + — X = 

m m 



-a + 4a 2 -4km _ - a- set 2 - 4km 



2m 2m 

a£jaJI jli Lsb ULu. OjSj ujjM' t> J JwbJI *>JI (J • jS 1 ' 

2 k>N J c \5aJ t AJiLi^ll Sjfl j A£ . Sjilft <j.£» ^VUI J 

j_a u jjiill *>JI ujSj ujj jj^VI aAllaJi ^ JS J Uiu t a 2 - < a J 



^ fr l j^JI Jujtf- Sji Cite lij ttOl ^jaJI ^.ji . Ftf) = J sin f A^jU 

. -90xW 



- Y i t - 



(1) yA\ JMILj F(t) = 5 sin t,m = 10, k = 140, a = 90 

x + Pi + /4x = — sin/ (%) 
2 

Jl i. jJiii) t jc + Pjc + 14x ^UvL-xJI ^ouUioll a!jU-«11 ^UJI J ail ^jSjj 

^ • , 9 n\ 
x„ = sin/ cos/ k/ 

" 500 500 

jA (1) UiU^l] J aJ tsr^Wj 

x = x A + x p =cfi 2t + c 2 e' 7 ' + j^ sint -^ cost 

: ^ J^j x(0) = 1, x{0) = oyil^VI t«Ja>ill 
x = _L (_ po e - 2 ' + ppe" 7 ' + 73 sin / + P cos /) 

w SA_a j ^ ju3 ^uiUj * fc <> **-Vi J 



- MX - 

(jjL-juola J jl AjjUojj « dljlib E(t) 4JJJ4^ ajSj « (_5jj^lLj 

y-k l^-iji. ^-^J < j»jlS- J*i ^?JI (JJJ9 J 

t-i^ijjS l&c Jjj^ <> «4» t^^J ' -E(t) (.^.J-tS) J^L ^aJI (JjS UJ^ 

RI + L^- + 4;q-E(t) = (3) 
at C 

/-^ ^L = ^l (4) 

dt dt dt 2 

£± + ±*L + J- a = l E (t) (5) 
dt 2 L dt LC H L 



q(0) =q 

at 



- \ii - 

dq 



= I(0) = J o (6) 



: (jJc. Jjuoaja Vili]! aLUJI ^ S >£L* (4) aJjUJI 

d 2 I R dl 1,1 dE(t) 

— _ + + / )-L n\ 

dt 2 L dt LC L dt ' ' 

^Utfl j . 1(0) = / jA JjVl ^l^bVI i» uj^J 

: ^tt ^tHUj / = £^ ^ ^ ^Uuullj l^kj (j; aH*JI j> 



dt 



R = 180 ohms, C = 1/280 Farad, U*l J\ j_3M ^—lc f7*C7,; Sj-Jb <*ri .nj 
j^lc. AjjIjLI Aisui jj^j jkic (ji jLj . Eft) = 70 sin / jj> ^> j L = 20 henry 
a_a.J . V ji J^aJ jjpb till j j / = Jit 7 ampere J*\*4 jLu Ja._j4 jSlj ■ 

: J— ^ 

(JjSjj q + 9q + 14q = -j sin / ^ J^aaJ ^> AhLJI ^ sUa*JI ^aill (jiyj"^ 



-2, -7, 13 . 9 

g = c,e +c,e + sin/ cos/ 

500 500 

t, — lfi J — q{0) = 7, ^(0) = oijSb — IjV! o^a j £H Jbj 

= «w-«i =-'%». «,-'%, 

? = ~{- IWe- 2 ' - lOle' 7 ' + J3sint - Pcos/) 

J—Sk jjUJI JaJI Jj^a. ^j*xi <jC » jLc JaJl <jj£j t ^Lm JEu ^ LSj 

: JL— JU 

iC = Iff 2 Farad t 7* = 70 ohms L_«] Jl j_3B ls -k, (RCL) I >Jb <*d m j 
V j ^Ix-jjI jLu Jjslj ^ac (jii jLj . E(t) = 12 volts J>>» j L = 05 henry 

. ftlaill ^ gjlill jUll .iajl . V ji ^faJI j±»b tic lilb j f=0 iit 4ia-i 

a_Ji*-ii i dj-Sij ~r + 20 ^- + 2001 = ° <s*j l d % t = o t e- n\ 

VI — 1. li* q& Jfflaj * A; = -70-70/, A 2 = -70 + 70/ La a^L^A\ Sj*~ll 
7 = e m (c, cos 70fj + c 2 sin 70* (7; 



jjSj f»; 4U*JI j>j ' I(0)=0, q(0)=0 La oW'^VI 6^^' O&j 

"-rah"-* 







r \ 




72 


10 




n 1/ 




"» /2 





- xn - 

12 

jjH—jILj ( c 2 = — , C, = ^-Jc- J (7/ (j— it Ujl».>ill a>^A i^uiajjj 

. UU jjLt jUS jAj 7 = -y-e-""sin70/ 

: Jl It 

. V J <-fct)l fc*£B jUjL. ^Ul Jl Ul 

J aJI 

. J_#M ts-Jc J ■ M / = % £ q fcaJdl V-ilL Vjl <J*i 

bjj_l jj— Id 4 fjj 5 Lln-oll ^j—i (3j1 uJI <JL_L»1I ^g-i »Qa*^ll foil) (jiujsUJ 

JjU^oIt ? Uaill (j^jSiSI 4K .*N IjjJ "Ulti Ju-j ^Ij q + 20q + 200q = 24 

jjt ilxXAxA ALjla ^JiaaJj . ^LaK J ^ jljjJl AjIc IaLos. (jill jail 

^ *B ^ \r. J i/iViV i (j^ ^ J ~ ^L—ajy ^ 

7f0; = 0, tf(0; = oW tjlLjiM <i£iJ q = e~ /0 '[(c, cos/0/) + (c 2 sin 10t)] 

jlWj ' C,=C 2 =~ IS ^ <-5 >-aaj j 

I = ^- = ^e- ,o 's\nl0t l—^uj q = -e- w '(^-cosl0t + — sml0t] + ~ 
dt 5 J ^ {25 25 ) 25 

ts _J t a w ^iL_9 1 LU I jjlc <j_& JjSB ji (> ft jL d M . ^ US 

: J 



4 jc 0.05 /fewy »ija.j 5 o/wm.s <-jlL> Ul ^1 ^ RCL Sjjb r t l,n j 

jUI jtisl] I jijpu ^ ji . 200cosl00t volts aM£ **sb ijj Iff 4 Farad 



- uv - 



7 dE{t) _ 1 . 2 00(-10 sin 100t) = -400.000 sin WOt 



L dt 0.05 

: (7) (jltilbj 

+ 100— + 50.0001 = -400.000 sin 700/ 
<// 2 <// 

OjSj ts^j « -50±504Wi a^UxJI Sjx^ll o&J 

7 A = c l e 50 ' cos J0V7P / + c,<T*" sin 50V7P / 

7„ = — cos700/ - — sin 700/ 
* 77 77 

: j* ^ Ull J »» OjS. ^Ulb j 

7 = /„ + 7p = c t e m cos JOVTP / + c a e^" sin 50V7P / 

+ i°-cos700/- — sin 700/ W 
77 77 

(8; o- j 7(0) = 0, q(0) = 0U aySlJ^VI jlL^SlI oj^j 



- Yi A - 



dt 



200 



(0)- 



1-0 



0.05 0.05 0.05(4x10-*) 



(0) = 400 



Jc J S j iU. (7) 3 tf lc JjVl Ja J ill J JjJaOJj 



^^11 »^ cH«j^ * c, =-40/ 17 = -2.35j\ = 1(0) = Cl (l) + c 2 (0) + jj 



<// 



= -2Jj(- SOe' 50 ' cos 50V79 / - 50^19 e~ m sin 50jl9 t) 

+ c 2 (- 50e- 50 ' sin 50V7p / + 50jl9e- $< " cos 50yfl9 1) 

4000 . 75.000 f „ 
- sin 700/ -r— cos 700/ 



77 



77 



c 2 = 22.75 L_+i-j 4000 = 



<// 



= -2.35(-50) + c 2 (50yfl9)-^^- 



1=0 



/ = -2JJe- 50 ' cos 50V7P/ + 22.73<T J< " sin 504l9t 



+ — cos 700/ - — sin 700/ 
77 77 



77 



Ijiu* -r 



f— uiaJI Ioa <J1» . p AjsISS JiLii UK jl luja. LI I m "GJjS jjjcI 



- U1 - 



I j_5 ^jl m£ (j iVifl) ^IJaII (JjLJI ^ii XjS Laic (jljpVI ^-laj . ^naJlj 

: yla -ulcj * mg *j» jk-.VI <5j^ 

h = mg (9) 

»L-ajVI *l--JjLiia.l i-^tj . Ji jjVI ^ j- <> 5jl jk-Vl jl ^ic a^jaJI 

f\ \-\ i ftJ__a. j x(t) <3l jk-iVl <>li-JI lij . S-^J-^ * ^jicV ^ jl! 

jjiLJ o— g^j • n r 2 [h - x(t)]p J\ J>*2 j\ (jiU!) ^1 SjS tjSJj 

mx - n r 2 [h - x(t)]p - mg 

mx = -nr 2 x(t)p (9) ^zaZJa AbU-ll J»u*u 

J 

x + ^!^- x = o (JO) 



m 



- Yo. - 



< 15 lb \ s-Ojj ' 10 i n * n^-^'j* ' 4 //j Ia jLi < «>n'i <jl jiaul tlul£ lit L> qjc 

: J aJ 

h = -^f- = = 0.688 ft = 8.25 in 

nr 2 p ( l\ 2 

*{i) 62 - 5 

Jic pUll Li Jja 70 - 8.25 = 7.75 w ^ICjIj jil* ^ jl»«VI att c^Wj 

: Jl 1» 

. JiuV ^1 jll ^ 5 ./i/sec Acj^ t UI ^1 l*J> t> *SU1I 

J— ^ 

(70; <_bl**ll ^ j • r = j /?, p = 62.5 lb I ft 3 , m = 15 / n slugs M 
I «a <ja.L_uaJI ojj— II Iji?. uj^J ' x + 46.542 lx = 1> jy=& J*- 



: jA 2uLjbliill AbU-»ll f Ull J>JI uj^i ^ J ' ± J 46.5421 i = ±tf.S2 / 
jc(0 = c ; cos 6.82 1 + c 2 sin 6.82 1 (1) 



- To} - 

jr 2 in j* 10 in Ail jkJVI Jjla Cy* J* ulj*2«c tjjSu t=0 l*iic 
,UI ^1 /.7J jA u'_>W 

^—jJa >. (>— . j/ 48 ft ) Y 4 in i j* fcl jV-Vt OjSS t=0 iic ^ISJbj 

^ijll »L>2tf I ^ J ^sec 4^7! *c>J ^jSSj x(0) = o&j < Mjil 

oiA (J^j . x(0) = -5 a u J®hj « S^JI «W2VI ^ J JtJ tfl) 
* c * =T^" = -0-7i, c, =-^- = 0.02/ : J flj ^Ijfitfl 
. x# = 0.02/ cos 6.82t - 0. 73 sin 6.82t I (1) AbUJI gfyrf j 

: J 1* 

t 75 cm L—^jtlij jl j i 70 cm U jL_J > « mi 3ji jk_J CulS I j] I — • (j^— c 
. 9£0 dynes/cm* IjjsIjS jiki J « 19.6 N Wujj 

: J (P; -Ui«-J <> £uj mg = 19.6 N = 1.96 x 10 6 dynes, r = 5cm ^ 

hm JB_ m 1**1* m25Jem 

nr 2 p k (5) 2 (980) 

: JL— .It 



I a'jjj * 75 cm ji 70 cm ' — * ji»a < <sl jkJ ilijl£ I j] U (jjc 

. 2450 dynes/cm 3 i+SalSS »Lu ASjj ^ jilS J ^ * 19.6N 



- tat - 



: J (9) *MxJI ;> gib 4ila mg = 19.6 N = 1.96 x l(f dynes, r - 5 cm ^ic 

;rr ? p *(5) 2 (2450) 

jlj-jl >. 45 _lei 7J - 70.2 = 4.8 cm £tiS jU jikiu. <i! jla^VI cjli is^Wj 

. J3UI 



4 "fll'fl (jSl Mil ^ / 4»L<r> Jjia ^-!)LuaVl jLola LjT\a AitViin j^JiLa jiiaJ 

4_j*ljb jjwuaI) CjIaj . ^jjji jll jjmII ljjlj«» Acliujl tjj^j i 

OO^J ^jjll 3 jl i hi fill 3JjIju»]| jJC . Ajjljjj! Ac ^iacl j 4j| Jjl £j-oj-o 

/J j2 / . 
(j-ajL . ^4 = jA / AjAjJa <J jJaj ^LiaVl (J t*ifio <^.luu> £)j$Jij 



- t«r - 

d-j • ^ f hp / 4 (j*") d <» • ^ h / 4 tfjtfi 

^''^-^ m 

Sjill ^^AJJ . (jl jfW £**a >« J (jj^J V J^^J ' x(t) i f\jtl\ £tlxui 

55—11 J jisj (Ajs.j-»11) ^iiil SjS tjSij LoS < i»»>ll Jc ^jILuJI jl <Jiu>l Jc 

: J ^sttll Jijjj jjitf t> jVl £%j • 41 l 2 [h- x{t)]p 

.. VJ l 2 [h-x(t)]p 

mx = mg 

lc <J waaj 4 tgJsu uiJU j Sj^Sfl 4l^U-»ll fli* J fi) italic*!! jjc yj^jjulbj 

. x + — x = 

4m 

CiV.l1 *<«J IfiS 4a2lLJI ^LaS.S?lj <UaJjytfll Jjlj^llj llllSjjjjll jl JoAI ^SsJ 

: S jjj-aSI Jc 4jj1j Cj>LU-» C-fl j 4jj1j1I <i>jl! j>> AjjJas. AjL-bliS 

x + a,x + a„x = /(f) (11) 

: (1) 4li*JL 4i j*Jt i^jfi jll jl JjaI JjWI JjSjj 

(10) *Ji**llj 4ij«-JI jiLlI JjLouJ ojSjj 



- toi - 

^q—iUx <jk*J jjiUt J^L-u ^jj^I j3i jaM JU.1 y jSLj j 
j^C- J S js> flail! 1a ^ jlull j AS jaJ ^3 . (7) 4k\juA\ ^ I _j j 0; 
Laic AilLiiU A£ja>£ f«£ f^jai = 0, f(t) =0 l^k. (iXta** J±. J) AlSLaio 

# 

« 

1c. CjVI-aM «oA ^.Sj j t 4ial Jx» AjSja (f ) AjjLmla (Y) AjiySsk ) 

* # # 

La— it ( js-j-aM t^-Jj JjJj (^1) eyiSaJ li] i jAft J ASjaJ OjSjj 
gfi^ity j SjAe. Ciual ^1 ^ J AIL. j£ J J j&JVI *£, js> yj£j 

CjL_£j»> gaS Lay ( SjaJ AlsLialJ ^JajJt yfc S jifc CilS ja. glu • JJC 
A »jlaJ * J— SM yt ybj_Ju) A&ljaLj ^Joull y£ jl jSUV< <1U. j a jic 

hO, Oi =0 f/i; AHjuJU 43j«-J ajaJ AJiLioJ jjC. A£ jaJ . (<uia. 

: Sj>-aM j^lfr Jjk. LI Lib 
— cj cos o f + C2 sin at (12) 

±± j_ ill (j-J Lite a> jjj t OjI jj ft* c/, q . <ku»j Ajial j3 A£ja> ^ j 
AJL»lSfl tliljanS! iic <Juj jAj < / = jA t / t s »u^ l oj jail yj£jj . c? jiWl 



- too - 

x# = (-if A cos / - 3; 

AjjI « it uj^J ^ = arctan ( c y ) AjjI jj i A = -Jc]Tc] **~JI vly^ 

. ^jlLui c/ uj^ S^jB {J jl«»Jj ^f?->» C/ uj^ ^ fl *"* • 



- Yo*V - 



ujj— II 1* • <^Ut ^ 8ft <HkiJ dj^U <il > j ^ 32 /A ojj . \ 
*-£\Z4 -cSlLtlj ^—bl J} ^1 jll oUiVI ^ 7 /f 4^1 jL aSjsJI 

■k-jll <j£ IjJ < UJJ 11 -^J • Ji-«V ^tjH oUjVI ^2 ft /sec 

^Ijlj-J^ ^jj^ll o-jll (^)j ^s^\ ^Jill Ufj^l as Jill (t) .Y 

. (^) J 1.^*^11 

<Sji» ^ 2// AJUaU CAldi liljjjj ^ >/ 2 slug CJik. .r 



. Sc1 Jj jll ^ /f Aj^IjL iuliul icj- ^J^ 1 ^1 

. -4x lb jUu ^ji-j .ku, jll I jj <J^il U\j1\ a£j=J! j^J 

< C = 0.02 Farad * R = 6 ohms J\ HI t5 _ lc (#CZ,; SjSb j . £ 

^IjojI jLjj j»^c (>a jL j . £yy = 6 volts jj> l$Jj £ = 0.1 Henry 
(^Jc ^Ull O^JI ±*.J . V jt ^aJI j£b iic lillij t ^ = Oic 4iaJlj 

. SjShll ^ jtiSllj UfiSJ 



<-i_JiL«j t 5 o/ww 3 — «jlLu t ^1 j_jJI — lc RCL Sj—Sta ild m j .o 

S . <_*ab S j-J L_^j 4 0.05 /fewy * 4xl0' 4 Farad 

u — Sc <ia — ij (^jl^-Jul jLu JjSkj ,»^C <>a . Eft) = HOvoltS 
■ > *■<-» ^a-illj SjSl J J3li jUI jliill <> J£] I jjjju .la. j! 4 iJuUI 

. t <JaaJ .lie 



- Yov - 

<G* ui > t 75 ohms 3 «jUuj t ^1 j ill ^ lr. T^CZ, Sj — Sta > «-i j .1 

(jiijijj £fy = 700 sin 3t J>> J** 1«Jj 2 Henry < 0.02 Farad 

l—gjl&j « 70 1— ^clijjl i 3 Cm ^jL§ t tm'i 4jt jlawit (j' j^' i** 3 >° Qjp" • V 
i 4 Sj-aC «Ua <S^>J (ji liuiij Ujj*-» (jjSj duaj jila2 ^gliJIj t 700 g 

. 1 g/cm 3 



Laplace Transform 

CO 

f(p)=jf(x)-e- p * dx , p> (1) J-lfiB^^ 

Je (1) Uj£> ^ iJ jL{ } >jl> aJ >jjj (j^LV Jjj*^ 

£{/(*)}=/(/>) = )/(*)• dx , p>0 (2) 



:L{}M\*S&-1 

l-lja/(x)|=al(/W) 

: J (l) *k\*A <> <illj 



- X"\T - 

L{a f(x)} =]a /(x).e-'* dx 



to 

=a \f(x) . e'" dx 



= aL{f(x)} 
2 - L{a f{x) + fig(x)} = <*L = {f(x)} + 0L{g(x)} 

: jji /? j x t> JS J (1) *h\*A & <ji 

L\a f(x)+0g(x)} = ]a f(x)+fig(x). e dx 

= \af(x). e'" dx+jpg(x).e r "dx 



= a \f(x).e dx+ f/?g(x).e-' tt dx 



=aL{f(x)}+fiL{g(x)} 

• t^ai (jktSj ^ JP>^ {J g*'""''' (if" 1 ^-** 

jb^) : 

/(*)=/.-' {/(/>)} ^ L{f(x)}=f(p) 

OaljaJB 4] J>>B . L{ } >>U u^&J o^bV >>J ^ ' { } ,^--0^ 

1-Z{r' {/(/>)» = /(/>), 

2 -r' {£(/(/>)} } = f(p), 

3 - r' {fl/(p)} = a 1: 1 {/(/?)} : ^ J£] Jbj^ i*J u^-jj 



\f(x)\<Me ax 



x*, sin Ax, cos foe, 2 Jj*-»JI J*- ij& 

. o^xA jpLV c&ij** ^.jLm 



^{l}=/(p)=Je^ < & = 



£{1} = I 
J? 



£{*"}= /(/>)= f *" 



0; 



/(*) = *" ;«>! t . tft3 ^ 



l 



: cdS a /(*) = g< " t -tf Ijj (r) 



co 

M«"}=/0») ss J«"e"" & 



-(p- fl )x & 



-(P-o)Jt 



Jo 



p-a 



(5) 



: ^ g ^ /(*)=sin ax ^ g ^ 



Z, {sin ax}= / (/?)= Jsin axe"'" ax 



■J4 



2 , 2 

/? +a 



I {sinax}= * 
p +a 



(6) 



uL. c^li a cLjs. /(*)=«» ax ^ g | j 



Z,{cosax}= / (/?)= Jcos ax. e _p * ax 



2 _2 

/> +a 



no 



L {cosqx}= , ^ , 
p 2 +a 



(7) 



: JLSa. CuIj a <iu». /(x)=sinh ax 6& W 

ao 

£{sinhax}= / (p)= Jsinh ax.e"'" or 

o & 



p*-a> 



I {sinhax}= a 
p -a 



(8) 



Jsinh ax.e^ ax =-j J(e « ** 

o o 

=l](e- (M) '-e^")<fe 

2 A 



-(p-a) -(p + a) 
1 1 



p-a p+a 
a 



1 p+a- p+a 

2 p —a 



p*-a> 



•1 



L {sinh ax} = Z, 



_i[ i i " 

2 p-a P + a. 



: <f M> a ^ fix) =cosh ax ^ VA ^ 

: 

L {cosh ax}= ? (q\ 
p -a 1 / 

ax -ox 1 

2 1 

1 1 

+ 

1 p+a-p+a 
z /? —a 

P 

-a 2 



S.No, 


f(x) 


Lf(p) 


J 


J 


l/p,p>0 


2 


x" (nisa + v integer) 


n!/p" + ',p>0 


3 


x",n>-l 


r(n+l)/p n+l ,p>0 


4 


x°* 


l/(p-a),p>0 


5 


„• -ax 

sin 


a/tf+a 2 ), p>0 


6 


cos ax 


p/(p 2 +a 2 ),p>0 


7 


sinh or 


a/(p 2 -a 2 ),p>\a\ 


8 


cosh ax 


pi p 2 -a 2 ),p>\a\ 




. xnv. 

:<t> 

Lie* f{x)} = f(p + a) a U L{f{x) = f{p) Vd 

i{s-/(*)} = J-e- /(*).«-'"& 

o 

=j-«^V(x).*=/(p + a) 



I{xV " }= (^r ;/,= 1,2,3 ^ 



00 

l{*'e— }= Jx" e— <fr 

o 

oo 

= Jx" e^.A = /(/> + a) 



I {x" }=/(*) ;«=U,3, 



: Liul. 



. UA- 

:<*) 

L{f(x)} = f(p) 



L{x"f{x)} = (-7)" ^r/(p);= /, 2, 3 .... <jU 
dp 

fiP)')e-"fix)dx 



d ^ d 



= -J*e- pr /(x)dr 
= -Z{x/(x)} 



* 2 



/(/>) = (-l) 2 I{x 2 I{x 2 /(*)}. 



dp 



2 fl 2 

I{xcosflx} = p " Jc»i5| 
(/r +a ) 



L = {cos ax} = ^ 2 lip] 



p +a 



L{x cos ax} = —^- (-y^— r ) 
4? p +a 



2 2 

p -a 



Change of scale (<j-bLJ jjij) : (f) 4ljfiu 

*{/(*)> = /(#») 

!{/(«)} = -/( £ ) 
a a 

Z{sin3x} 



L {sins} = 1 

P +1 

L {sin 3x\ = ; = — z 

3 U) +i p +9 



:<«) 



L{\sm2udu) 





v 2 
L{ ism luau) — . 

o P(P + 4 ) 


M ' p 2 +4 ' 




J* ^-iB : (0) <«jfci 


I{ ZW }=J/( tt )rf U 
x p 


Hj(x)i = jKP) JSU 








:J 14 


i = { sinx } 


: J aJ 


lim sinx =l j 
x->0 x 


Z{sinx} = J ^ 
p +1 



, .sinx. °°f du . 

I = { } = J-2— - = tan '(-) <i* 

x ;w +1 /> 



L{f(x)) = f<J>) 



f(x) = r l {f(p)} 



Inverse Laplace transforms 4tto£ftJ| VJ*^M *il}L$fiB -f 

: J&>11 lx-^ 1 > J <>i >»Wj 



f,{ ^} x " ; " = 1,2 ' 3 aU ^=-^r;«= 12,3.... 14 -Y 

p-a p-a 
L' { / 2 } = cosar £{cosar}= / . e,KI3-f 



(p+aXp+b) 

ijc Jna»j *jSja. jj-yiS ^ (JJajlU 



1 A B 



+ ■ 



(p + a)(p + b) p+a p+b 



A = ~B = 



-tvx . 

J jau c£U*-»B i\ jU-*jj (p+a) (p+b) <ji »-> >aHj 

1 



a-* 

1 ■[-! M 



(p + a)(p + £>) a-6 /7 + a p+b 

l-{ ! } = — [L- x {— — r' -!—] 

(p + aXp + b) a-b p + a p+b 

1 > -ax ~bx \ 



a-b 

x-i < — J } = _!_(*-« _ e -*») 



(p>+a 2 )<j> 2 +b 2 ) ■ Jr 



1 _r_£ £_] 

2 I 2 . Jl —2 ■ u2 ^ 



(/> 2 +a 2 )(/> 2 +& 2 ) & 2 -a 2 V+0 P +* : 



. rvr . 

L~ x {— 2 — * 2 _ 2 . = ti-^t^" 1 {-t^-t} - L ~ l {-T^ry}] 

(p +a ){p +b ) b -a 2 p +a p +b 3 

= 1 2 ^ 3 (cos ax - cos bx) 



b'-a 1 



r'{— ^— > 

a 1 1 



/>(p + a) /> p+a 
= 1-*-" 



p(/7+a) 



Laplace Transforms of Derivatives tilU&MfctJJ iilUd^fi — £ 

ax 

ax i ax 



If". Q 



= -y(0) + pL\y(x)} j c ^ j 

LA = py(p)-y(0) 0) 



dx 



iulill AfcJull Jjj^i U> 



OA(^) <>j 



H^j} = -y (l) (0) + p(py)-y(0)) 
ax 



^-^zf > = - py(0) - y a) (0) G> 

ax 

dy 

.x = Uiul Sujvamdx ^jS ^y (l) j = 
= ^(p) _ ^(0) - p"" 2 y 1} (0) - ... - y^\0) (3) 

dx 



-tVo. 



J-0X...M-1 JX = X*L*4>uy***dx r /'HO) ^ 



4- 

— + 2y = cosx 

ax <jjUJI <4LbUJ aLUJI 



Ji 4aJ aUa*-J AjLblfcM 3±}Lla3I ^jia (J^jV Jl>u JJjklL 



J tA + 2I{j(x)} = X{cosx} 



or 



Hp) 



Ifcosx} = 2 



- TV1 - 



py(p)-y(0) + 2y( P ) = -£ 



Kp) = 



p z +\ 
/> , y(Q) 

(^ + 2X^+1) (p + 2) 



(p + 2)(^ 2 +l) (/> + 2) 

* ...2 ( _L_ )+ I ( l±2e) 



(p + 2)(/? 2 +l) 5 \p + 2 5 /3 2 +l 

yip) = —7(—t) + T ( "^T7 ) + TTT 

5 p + 2 5 p + 1 p + 2 

= - (-5—7) + T (-"Tr) + T ("TT* 
5 p +1 5 p' + 7 5 p + 2 

( _ s ic Jirtt't (jutSxll (_>i^LiV ^*'"'^J 

Xx) = 4 r ' + 4 r ' {-£-> + 4 l-i i-i-} 

5 p + 1 5 p + 1 5 p + 2 

= — sin x + — cos x + — e~ 2x 
5 5 5 



12 3 

y(x) = -sinx +— cosjc +— e' 2x 
* K ' 5 5 5 



. YVV . 



y' + y- x j y(0) = l , y'(0) = 2 J* 



<fr 2 



I{- r f} + ZMx)} = Z{x} 



p 2 X/>)-^(0)-/(0) + J = -4 



p 



- 7, 1 ^ P-' 2 



7 / 



p p + 1 p + 1 
1 p 3 



/? 2 p 2 +7 /? 2 +/ 



y = x + cos x - 2 sin x 



. YYA - 



/ - 3y' + 2y = 4e 2x , y(0) = -3, y'{0) = 5 

4 



- MO) - y'(0)} - 3{py - y(0)} + 2y = 



/>-2 

4 



/>-2 



4 14 -3p 

+ ■ 



(p 2 -3p + 2)(p-2) P 2 -3p + 2 

-3p 2 +20p-24 
(p-lXp-2) 2 

_ -7 4 4 
v = + + 

p-l p-2 (p-2) 2 
UU-J U-U&» *h\ju& f U» J=J <> tf ->£«l u-^bV cfej^ 



4>o ja<x<b ijpiB ^ i&jx*y(x,t) u^J 

a\. i^ij / ua& ^uJ ^Pj ^ 4 1 <J yfcO <J1 ^J** 



8x ot 
(i) I{-f-} = ^(x >jP )-Xx, ) 

(«) i{-ff } = /> 2 K*,/>) - Mxfl) - y, (x><>) 

or 

/••■\ r f ^i ^ • x Tid 2 y* d 2 y 

tjl 1» 

j (x,0) = 6e 3x . ^ = y + 2(Q~) :*bU-B J* 

obc 3/ 

' J 

: (jJfr J^aaj (jji jLil (j»£bV (JjjaJ iaLj / = {jK*>0> = H*> P) C&J 1 

^■ = J? + 2[^-y(x,0)] Jest 

OX 



ax 



(1) 



w Up+i)* = c -12je- 2x ,e (2p+ ' )x ax 

ye (2p+,)x =c-12je- 3x e H2p+l) ax 
6 



jA (1) ALU-all Ja. jjSjj 



= C + - 



p + 2 



y(x,p) = ce {U2p)x +(-^-)e- 2 ' 
p + 2 



(2) 



Lai jjSj jl t_isu y(x,p) (jl x ->oo U .iic Sjjja^a ^(jc,/J <J t - i 4 s *J 

y(x, p) = (6e- 2x ) l{p + 2) : J. JjjM f2J 

^gic (Jj-aaj ^jSxa 



7(x,f) = (5e- 2jr r'{— — } = 6e- 2x .e- 2 ' = <5e- (2 * + *> 
p + 2 



cfr or-* 



y (x,0) =10 sin 4nxiy = (5,0) =y(o,t) = elm. 



:J aJI 

L = {y{x,t) = y (x ' p) uSJ 

,Jc. (juaau allajuJ SilbuJl jJSjlall i>SbV J^J^ ia.Ljj 



ax ax 2 

[D 2 -(£)]y = -5sin4x J J 



^ = 7 — -r- (- 5 sin 47ce) = 7 sin ¥tdc 



10sia4nx> 

/ 32n 2 +p 



32n + p 

J y(5,t) = « .yfftr; =0 AjjIJojVI Ja (Jjjaj iiUj 

a + c 2 = (4) 



. TAT 



J (3) fS^Aj (1) J x = 5^_«j 
c,e 3 ffi +c 2 e' 3 ^ =0 (5) 

Jt- <S-**i (1) O*jCi=C 2 = J Jaj (6) ,(5)o*j 
y(x, p) = 70sin 4nx l{32n 2 + p) 



Jl .laj u ,>i^»B (>L5bV Jjjaull jiljj 



y(x,t) = 70 sin 4 nx L'(32j? +p) 
= 10 e' 32 * 2 sin4nx 



/(') = g<t)+)(k, u)f(u)du (1) 



Ujjc . (kernel) SljiL £ 3JI.il! (^auj .I ^Wi ^-W ^Jf? -4 

.(^jjaJI jkit) {convolution 
JbUfi *LL- ^ Integra-Differential Equation AjLISjII AjLiliill <M*JI Li 



i 

f(t) = t 2 + lf(u)sm(t-u)du 

d 



- YAV 



f(t) = t 2 +f(t) *sint I j>J ^k. aLU-JI Uj£ 

tj^Jb (J»^aj <jjS jiall (Jjjai iaLj 

KP) - "4 + W) W» '} = -r + "44 

7/ , p 2 +l 2 2 i , 

p p p 

/TO -*y> + + 



4jU£1 U^l£B AUt*JI J* 

< 

/•(I) = sinf + |/(/- m).cos « du 



/fif> = sin cos/ , Ff0J=O 
Pf(p)-f(0) = —!—-. L{f(t)} .I{cosO 



/>/(/>) =-^+4^4 j j 

p 2 + 1 p 2 + 1 

(p--j~)Hp) = ^—; j 
p +1 p +1 

hp) =~ J 
p 



(Jjuacu ( _ s juiS»]I (j£kS*i JujaJ ia.Lj 



/(/) = / i /2!= — 
2 



(Convolution) (^ybJI - yNtttfl 4j$all) 

/(x)*gw= )/(og(x-oA 



^ = F (p) i L{g(x)}= G (p) 0^ 
i=tm; *g(x)hL{f(x)}L{g(x)}=F(p)G(p) a U 

I" ' (F (p) G (p) =f(x) *g(x)=g (x) *f(x) (2) 



:J 1* 

: J aJi 

f(0=e 3e ^ g(x-t)=e 2(x -' ) U al 

/(*) * = X \e 3, e 2(x ^dt = ]e 3 'e 2x e 2 'dt 



J 

= Je'afr = e 2x [e' ]£ = e 2x (e x - 1) = e Jx - e 2x 
o 

:Jl— 1* 

(n) j . ^ui ^ opiijil g&> *J 

: J ■>» 

g(x) * g(t) = Jg(/)/(x - f)df = }e V^d* 



= e 3xX \e-'dt=e 3x [-e-'X 



Jl«0 



e (-e +l)-e -e 



f(x) *g(x) tf*i cSA^I <J*»M i> 



TAT . 



: 4tt j = (x-tf = -2x +Z 2 i f(t) = f 

X 

/(*)**(*)= \t(x 2 -2xt + t 2 dt 



X XX 

= x 2 jtdt-2xjt 2 dt + \t 3 dt 







2 X 2 X 3 X 4 1 4 

= x -—-2x— + — = — x 4 
2 3 4 12 



14 



[p 2 -5 + 6] 



p 2 -5p + 6 (p-3Xp-2) p-3'p-2 



(P--2) (/>-■*) 



*e 2 ' =e 3x -e 3x 



= 6L~' 



p 2 -i) \{p-Hp+m \{p-iip+i) 



g(x)=e~ x , f(x)=e x 
L-' {-p^y} = 6 L ~' PiP) °(P)) = 6e x *e~ X 

= 6)e'e- {x - ,) dt = 6e- x )e 2, dt 



1 



= 6e' x 


'e 2x -I 


X 

= 3e x -3e' x 


2 












;J 1* 

1 1 *J 



F(p) = G(p) = - Ijj 



(p-i) 



-r'{F(p)G(p)}-/(x)»g(x) 
« J/(Og(*-0*«J«'«*-'* 

o 

- e x J(/)<# = xe- 



:J " 

.(n) ^jkifi 

/(*) * S to = //(')*(* - 0* = )f(x - T)g(T)(-dt) 









= -\g(r)f{x - r)dt = Jg(r)/(x - r)rfr 

x 

=sw*sto 



:J 1* 

f(x) *[g(xO+h(x)=f(x)*g(x)+f(x)*g(x) J 



/to * [g(x) + h(x)] = J/(f )k(x - / + A(x - r)]rff 



= J/(0s(*-0+/(0M*-'>* 



= J/(0s(* - ')<* + )f(t)h(x - t)dt 



= f(x)* g{x) + f(x)*h(x) = R.HS 



LA 



e 5 *, e 3x sinx, cos 2x, e 3x cos 2x, x 3 , xcos 3x, x 2 sinx, 
i 

jte' 3 'dt, xsinhx, 



e"" -e bx cos ax- cos bx sinhx 



(X» f+3y'+2y=0, 

(2) y"+4y=f(x) 

(3) y "+2y '+5y=e ' ] sint, y(0)=0, y 

(4) y">-3y'+3y'-y=te\y(Q)=l, y'(0),y"(Q)=2 



L*js ^jduoSatW (j^UV c^J^*- 4 jJ-^-'W (c) 



(i)L-'< 



p 2 +a 2 



(ii)L 



-i , 



P +2 



(v)f'I ^ 



20 



p 2 -2p-3 



■■w-J 3p + 7 } 
o 2 -2p + 3] 



(vi)L 



2*x^J (T) 



x * xe' x (1) 
x*cosx (^) 



JjjL L» <_jluiaJ ^JjaJI ^Jjiaj f vVnJ (j) 
JC *COSX Jskjl (^) 

x *e* Ja.J (°) 
5 * sw 2x ^ J (V) 



n. . 



(p-Wp-2) 
2 

P(P + 1) 
3 

P 2 (p 2 +3) 
1 



(2) 
(4) 
(6) 



<Mp) 



p 2 +3p-40 
4 

p(p 2 +4) 



, , - UM'um F(p) = — iG(p) = — f- 

p 2 (p 2 +4) P 2 (p 2 +4) 



Jo J_^L8 

y(o,t)=l,y(x,0) = 



|>o,x>O-^ = <bUJl jj^S ^jS(j 



Kx,o) = iOsm 4*k - 5sai<f«c,><5,f) = y(o,t) = 0,% = 2^- 

ot dx 



y(x,0) = *,/ >0,o<x<l,Q- = ^ = l-e-' 

ox at 



4*83 A^USS ^VjU-H lU (J. 



(0/(0 = / + J/(K)sin /(/-«>& 
(fl)/(0 = e- -2j/(«)cos/(/-«)<k 



/ 

(if /'(0 = ' + J/C ~ «) cos « F(0) = 



j-uulc ^*LM 



Solution of Differential Equations by use of Series 



* 

(i) ^ Fw) = + F(p + 1) + ... + F(k), k>p 



P) £«./W' = %a n _ p F{n-p)x" 



n*0 



£ [n 2 a n x n - 2 + na n x" +S ] = f> + 2) 2 a n+2 x 2 + 1> - 5)a n _ 5 x n 

"*> »— 2 n=S 

(5) //IX*" = => «. = *„, V« > 

«=0 n-Q 

ao __ 



B=0 



Z w » x " = Z c »-/*" 

C -1 



3 3 ~ J! ' "• ' C " ~ n\ 



00 

/(*) = c + c,(x - a) + c 2 (x - a) 2 + ... = ^c^x - a)" 

00 

•'• /(*) = c + c,x + c 2 x 2 + ... = £ c„x n 



P (x)y"+ P, (x)y'+ P 2 (x)y = 

:yls (x j^a c5J* <LuLuaj 

..Pa (a) *0{J& i jj ordinary point ^Lai) x = a ) 
. (Singular point) SiU t^-fi x = yU Po (a) = CjM lij U (t) 

;J aJ 

i-uljiV <LiLaA ojj*-3 (jJc (JaJ J (_pa Jiaj 

y =ao + flf/ + a2X 2 +03Jt 3 + a^Jt^+ (1) 

y' =ai + 2a 2 x + 3 asx 2 + 4a4X*+ 

y" = 2a 2 +6a 3 + 12a 4 x 2 + 

xy = + aox + aix 2 +a 2 x 3 + a3X 4 + a 4 x 5 + 

*k"= + 2 a 2 x + + 12 a** 3 + 20 a 5 x* + 30 a 6 x 5 = 

y"=^'+ = ai + (a + 4az)x + (a/ + 9 a$) x 2 + (a 2 +16 x 3 + 

jL-aB XsjLaa CxXiljud jj 4jU SiUaLa aJA yi UJiuj 



4 y 

a/ -03 = 05= =0 

2 ■/ 6 

X X X 

y = a (l + + ) 

4 4 .16 4 .16 .36 J 

:»jjjwa9 LjaJ (JaJ I^A j 



t 0; r^^ui u-lsj «> (y) 

. x fJS ^jrt>l Ajjjlii f2y) ^li nli in oil J (5 jil AjmuII jl&il 

J^lii Ijjl ^Imj c3 .u'si»1I (jj^LlI <iILu J j* <?lc AjUyia ^jljll J>J] WilL U 

a jW," sdsua j 4-i«Jt ^jiiiB jUaVi ^ j*V» I** 



*_ijL jut y jaj (2; U.UnB j]iilb : J1*M Lf 3p S ^a>i 4ia tal» 

tr _Sa. J 3 jo'n jlc.jlB jt Aj uiVl <L«LuaJI oj^a ^yic. l^ji ^'-it) Lai 

,j— SUB ^JUJ! ja • i. t> Jji j ^Lu]1 <_ua> jl ■ - aLXu* 

olS jL-a AijjB o- J-j AJLLuaj (2) 4l.nl, /iJ . F. BesseliS** 

(2) a\ ,»\,»'»)\ y-Ajij ( 4 r « x t ^ ajjjB j> ^jit c^,.l,,n n ■ •« *<> js 

Jo (0) =7 , J^/; = 0. 76, Jo(2) = 0.22 

Jo(3) = 0.25, Jo^, = - 0.40, Jo(5) = 0.18 

7%* me/faM* 0/ Joy/or Series Q$L*L**» 4&ljb -V 

6*1 j£L» «JJ^a ^yic. Ajuu* j jLu 4jJ j^fxj jA La 2bLdlij *MjuJ i_l jikJI (JaJI 

^(x) = Mfl) + y(fl)(x-a) + /(a)-^^ + ^(a)(x-a) J +... (3) 

. CJ&AJl iliAi L> lit Ajj^aD Jfc _y (x) (JaJI AjtS UjLoj Aijlall oi$j 

^ .... ?r«; 



_y" = jc>< aIiUJI Ja. 

: jA LJjUaxll JaJI <jij a = Ji (J* j&ii 



>> = ci + C2X + C2X + C3X 2 + 



; S j^aB ^gk. JaJ ^Jc Jj-aaj JjLJI JUJI ,^3 US <_J jL»Vl i_y>aj (jjfkuJj 

^ = c ; + c 2 x + c, — + 25 2 x + — '- — + .... 

3 6 



y = C 



' x 3 4x 6 ) f 
1 + — + + .... +c. 



3 6 



J 



2x 4 10x 7 N 
x + + + ... 

4 7 



Po(k) = 1+x* => P (0) = 1*0 



n=0 



n=2 



»-/ 



c„ n (n-1) + c„.2 (n-2) (n-3) + (n-2) - c„. 2 = 
c„n (n-1) + Cn . 2 [n-2) 2 - 1] = 
c„ n + c„_2 = 0, n > 2 

c„n + c„. 2 (n-3) = 

= ~-c^ 2 , n>2 '<iJJ&\ a£**]| .: 

: laic <jU tilii ^jJc-j <jbjUii.l (jtblj C/ jt u^J^ 

= 2: c 2=J c o 

. -1 -1 

= 4: ^ = _ Cj= __ Cfl 



_ -3 _3_ _ 1 
° 6 ~ 6 ° 4 ~ 48 C °~ 16 C ° 



„ _-5 _ -5 

5 : c 3 = => c s = c 7 = ... = 



C„ + C 2 X 2 + + ...] + (c,x + c 3 x } + ...] 



l jA f 1*11 JaJ <jt 



-^f + (x-/)-^- + 7 = 
afr tic 

: gla (^yStilbj jc -2 = z <J o^jjij <ulc 3JaSu x=2 (ji t*n% 

• d *y = d *y <fy _dy 

" dx 2 dz 2 ' dx' dz 



: J»-aaj SUa*JI <bUJI ^ (jiujjLjlb 



dz dz 



Xi&£. z = (ji* ^ tyic J 

00 

J jiwJU (z _J <ji JSl) z"- 2 c3U** £ %\ jlouu 

••• c„«(« - /) + c„. 2 (« - 2) + (« - 1) + c„. 2 = 
•'• c„«(« - /) = -(" - l)(c„_, + c„_ 2 ); n>2 

••£„= — k-/+c„. 2 ] n>2 



: ,J OaJa jjbjLua.1 Cp&Co, Ci J t>a 



c 2 =-T"(c,+C fl ) 



— (c 2 +c,) 



-1 

3 



— {c, +c ) + c, 



-l r 

= -jr[c,-c 



c 4 = 



-1 



(c 3 +c 2 ) = 



-1 
4 



■j(c -c,)--(c l +c ) 



= C, + C,Z + C 2 Z 2 + CjZ 3 + c 4 z 4 + . 



, 1 2 I 3 1 4 

1 z + — z + — Z +. 

2 16 12 



+ c, 



1 2 1 3 1' 4 

z z z + — z +. 

2 6 6 



y = A 



l-L( x -2) 2 +-L(x-2) 3 +-L(x-2Y +... 

2 10 12 



+ B 



{x-2)-l-(x-2y -Ux-2) 3 +Ux-2) 4 +... 

2 O — 



The method of Frobenius &&id$jk 4Mjb -f 

L_j»j jjLL-JS tilj&Le sjj^a j^lc jl X (J* iSjli <1u1mO* SjjjuO ^ (JaJI 4_)ti£ (j^A) 

>> = x'(a fl + a,x + a 2 x + a 3 x 3 + ) 

. (4) 
=x l 2_,a r x r , a o *0 

(j — lc- J — nasi ^) — 3 C = £- — JJ AjV fi^ AluiLilall ^luU AIuiLuaII oJA 

P(x)./ + «(x)/ + r(x)j> = 

. x J iIjI jjjS r, q, p 

: J 1> 

4xy + 2/ + y - aLU^II Ja. 

;J til 

: ^ US I^jjIjS jSaj j^jII j (4) AIuiLuaII » j>-a J&J (J 

><x) = a„ x' +o, x' +/ +o 2 x c * 2 a 3 x c + 3 + a, x'* 4 + 

/ = ca„ x c -' + a,(c + 1) x c + a 2 (c + 2) x c+l + a 3 (c + 3) x c+2 + 

y"=c(c-l)a x e - 2 + ^cic + fyx*-' +a 2 (c + l)(c+l)x c + 



4xy' = 4c(c- 1) a x c -' + 4a,c(c + l)x c + 4a 2 (c + l\c + I)x c +' + . 

2y' = 2ca x c -' + 2a,(c + l)x c + 2a 2 (c + 2)x c +' + 

y = +o x<: +a,x c+ '+ 



4xy" + 2y' + y = 2a a c + 4c(c - l)a a x c ~' 

+ 4(c + fya, + 2(c + 1) a, + a x° 



+ 4(c + 2)(c + l)a 2 +2(c + 2)a 2 +a,x"'+ = 



2a„c + 4ca (c-I) =0 

4(c + l)ca,+2(c + l)a,+a =0 

4(c + 2){c + l)a 2 +2(c + 2)a 2 + a, =0 



(5) 



c = c = 'A K ~- 

J ^ r = j .inj cillj j Indicial Roots AoLhH jj^aJb U jjVj Equation 
c = , c = '/i • »UwtJ *M**11 AJAiM jjiaJ 

: ^ J-^' aLUJI t> 



: Jc cUaJ (5) J *hl*JI <> j 



a, = 



-a 



2 4(c + 2)(c + l) + 2(c + 2) 



: L»jjiCj Ij^a j 



a, = 



4{c + n)(c + « - 1) +2(c + n) 



,n = l, 2, 3, (6) 



0-£*j I— y — ill j Recurrence Relations <>J j&ill A&UJL ^^auu (5; aLUJIj 

: ^ c£LUJ (jjSil c = .tit $ 
2 ° 2 12 24 ' 3 30 720 ' 



J . x x 2 x 3 
y = A\ — + +. 

[246 



( * J«?l Ajj! jSjII Ai&UJI ^ sjft ,jc (^ojjjuII Oju top] c = 'A (U) 



y-B 



1 x 
x 2 - 



X' X' 

+ — + — + . 
3 5 7 



: (jli tillj j 



: ja Jb^kJ AjL^U&II ^bbudl ^UJt JaJ Oj^j 



y = A (/-— + —+— + ) + B 

2 4 6 



f ILL 

4 x 2 

x ? + + + ... 

3 5 7 



J 



v = Acosjx +5sin 

* * 



P(x) / + q(x) y' + r(x) y=0 



t s ij- ill j aLU^II ^Jc CjIW>L»1I (jiuu j-» <j« ojV 

I j] (7; Orrfmary Po/nf t*j1 x = a JUL : (S) yu>M 

.P(a) ^OjlS 

Singular Point *Lfo t5 **u x = a ALSiS = tf* 1 : (?) 

. (7; *h*-ii 



: t&J £*\Zj P(a) = » j| : (IT) 
lim ( x _ a ) ^ Um ( x _ a y 

Regular *> 3 jl £ 3 Lli u « ■»*> x=a -UaSjJI (jji gtjjj^.j* 

. 4-<Jiai« jjfc » jLi <LSj t ikSiJI 9 j>A CiitS V] j Singular Point 

\ <ub \ > ji 4_ila 4*kii» sili 3JaSK jl <tilc UaaS x = a ilutS I jj : 

: ijj*^ Ji J* (7; 

y = (x- a) c [a a +a,(x- a)+ a 2 (x - a) 2 + . J 

= (x-ar£a r (x- a y , a o *0 



(8) 



oSh) ^ukii. s ili ^Uj x=0 jj^. J c$M J*** «■ : ( * ) 

. a = " J ^ -Ola a 'a*a j£y ^ I jj : (X ) 4la^W 

. V. <J (8) S j>-Jf ^ 

C *B f -.j til »j— A j—fr (>aJj«jllj jjlSiut* tjia. (jlc (J*-oaJ Liilfl <J 

j> = x c (a u +a,x + a 2 x + ) 



.r.v. 



x J j" + xy' + (x 2 - = 

X 2 y* + X / + X 2 y=0 I ^Jfc Juaaj « = £*b jj 

xy' + y' + xy = (2) 

OS 



r-0 



(c + rfc + r- l|o r x^' + (c + r)a, x'*'-' + a, x™-' « 

(e + r)(c4-r-i)ar r +(e + r)a, =0 

(c + r)(c + r-l + l)a r +a r _ 2 = =s> (c + r) 2 a, = a r _ ; 

(c + O^a,, , a o *0 , a_,=0 => c = 

: lip! jjSji fr^ jr Cm ^ fii <J W 



a,=a 3 =a } = =a 2S+l =0 



(c + 2sf (C + 2 S y{c + 24-2f 
a 2s = (-JYa (c + 2sf {c + 2s- 2> (c + ff 



y — x 



s „2l 



T{c + 2sf {c + 2s-2Y (c + 2) 2 



1 + 



*7 si 



LP) 



jA ^ LP) 




5c + (c + 2) 2 



2x 2 



2x 4 



(c + 2) (c + jHc + tf 



= a„lnxj> / (x) + a £ 



*' x 4 f 



2 2 2 .4 2 



i+M + x 



K 2) 2 2 .4 2 .6 2 \ 2 3 



y,=B 



lnx.y l (x) + ~ r -~ r (l + /^+.. 



r 2 J .4 J 

y =yi + y2 '• j* <-M o&jj 

3c 

: JL-k 

: ajjUjiII ALU-all ^ (>ajj«jlljj or * , _y = x c ^ a r x r c) cP 3 



:.^( e + rXe + r-l)a x c+r + ^{c + r) a r x c+r + J> + 5>x c+ ' +2 = 

: X C+r jA j jL-alL X — 1 <jJ Jsi JaLu* Si jLaAJj 

[(c + + r - ^) + ( C + r )~ 7 K + °r-2 = 

[(r + c){r + c)-l] a r + a r . 2 =0 
■■ a r=~ ar -}{c + r-lXc + r + l) 



c = l 



-1 



02 = , a o £0£ 



*^ <Jc-j c (jlwal ai = 



a/ = a? = as = a 7 = =0 

= ~ a 2s-2 (c + 2s- l)(c + 2s + j) 



a 



2.i-2 



H) 2 



a 



2S-J 



(c + 2s + l)(c + 2s + l)(c + 2s-3)(c-2s-l) 



a » J ~ iya %+2s-l\ Kc- 



c + lXc + 2s + l)...(c + 3) 



y, =y( c = 1 )=x c ^a +f 4 a u x*j 



y, - x 



2s (2s -2) ...2(2s + 2){2s...4) / 



Ml 



C = -i die 



y 2 =P 



s (s-l) X 



( J \ 2 *-' 



+z /. r \ u +i+ + 



(s-l) 7\ 2 2s 
J£. \'d J& ^a x& a-fi = K, fi, a J yjSu ^UUJI 9 iA 

j/ (j— a C = jff £-Ja JJ jjiasy ALUJ <Ja> jji C = fi Ulit jJJU> JJC c£U*J 
Cji— aJ ^ U*t c = a b**-aj 1^ < U«jl£aJ <S <J& 

: J 1» 

: J— -xfl 

: jA x c+r " 7 cM** i3*"» ^ ^ijuJ ^ = x c ]T a p x' jj 



(c + rXc + r - l)a r - {c + r - 2\c + r - 3) a r _ 2 -2(c + r- 2)a r _ 2 + 2a r _ 2 = 
(c + r\c + r-l)a r =[(c + r-2)(c + r-l)-2\i r _ 2 

c(c-/)a„=0 => c = 0, c = l 



a. = 



{c + r-2)jc + r-i)-2 



(c + r\c + r-l) 



{r-2\r-i)-2 



r(r-l) 



*r-2 



l Jic J>*iVi c - -^c- 



r-i 

a, = -a 

r-1 



r-2 





a = — 




a 3 =a s =a 7 =. 



= 



a 2S ~ 



2S-3 
2S-1 



*2S-2 



{2S-3X2S-5) 
a2 *- 2 ~{2S-lt2S-3) ° 2S - 4 

2S-5 -1 

a 2S = — — -a„ 



2S-1 



2S-1 " 



: JjVt JaJ jjJu 



^ = ( arC = 0) = flo + a,X a.Jf a --^ -^-JT* -fx". 



I 2 1 4 1 6 1 „7 . 

i-x x x - — X +. 

3 5 7 



+ a,x 



y = A 



t 2 1 4 I 6 

1-x X x +. 

3 5 



+ 0x 



. aHjcaII fUJI <JaJ Jl»J jAj U^J^- 1 A 

c = 1 tsl 



-nr. 




a, =0 = a 3 ~a s = 

a 2 =0 , a 4 =0 



(c = 1, y = a x c tfi) JjVl Jail {> *> j*jy = a„x jA t ^j» JaJ ^jSjj 

* 

jlsi) La. SjaoSSl X ^ .JaC JaJ J*Jy Q* jjjujjl fl-iiSJ jLu : i&^fciO 



.r\i . 

JjU ^ 3LU - SJ> ^ ^ VfiTI aaLaUull cjVi- ^ JS J* a^J -> 

I. / + _V = ft y»-y-2y=0 

iff. y' + / = iv. xV + *V + (^ -i)>> = 

v. (/--x , )y-2x/ + tfjF = .K^W , /(0) = 

vi(xS-2xy + (2-2x)/ + 2^=0 M0) = , 

vii y" + xy=:$inx 

Jj_^ dbj jjLti sdjSi- ^IjilJj AjLitUuB CjVjU-H <> JS J* ^ -Y 

. fa, 0; ^iifl 

j. y* + y = x ii y*-x + 4y , y(o)=y'(0) = 

Hi. y* + xy + y = 

iv. x 2 y* = x + l , y(l) = y '(l) = (a = J) 

: (x-J) tijl U*L*u ^ \Jl^B iIiVjU-J j*. .^J -r 
i (x 2 -2x + 2)y'-4(x-l)y' + 6y = 
it y' + (x-l) 2 y'-4(x-l)y = 
Hi. y" + (x-l)y' + y = 



i. xy" + ^ = 



ii. x 2 y* + xy + ^x 2 - -jjy = 



.no. 

Hi. x{l-x)y' + 2y' + 2y = iv. x } y" ' + xy + (x* - 4)y = 
v. xy'-y' + 4x 3y = vi. xy" + 2/ + xy = 2x 

x*y' + 2x 3 y + y = 

X = JJ t>*3j«^t ^I^JujU UiUJl Jsw 

: <bl*-»il (jajjjjjjS Mini. a » jjJft J», jlaJ (jjj ~1 

(sinx)y + xy' + ^ = 

: UiUJl -Y 

x(l - x)/ + ^ - (a + 5 + 1)*/ - aBy = 

Gauss's Differential Equation 2uLj*\ffl o»j\*. <LUaj 

Hypergeometric Differential Equation VaS#JI ^ *jL*U&1I ALUJ J 

y = 1 + x+— — -x 2 +... 

\y 12^ + 1) 

(Hupergemetric Series W%JI Jji iLXiJ ^ W i) 

(3) £-xV'+ (l-x)y'-y = (4) xy"+ (1+ x)y'+ 2y = 

(5) fy'+xy'- 2xt + 2y~0 (6) x(l-x)y'3xy'-y = 

PXl-^y"- 2xy + 2y>=0 (8)y"+ x 2 y=0 







rn - 

x(\-x)y'+{r-(x+B+l)x}y'-xBy = Q 
/^(x, Bj&x^Fix - r + 1, £ - r + 1,2 - *) 

u a x+ «x + mB + r) xl+ 



l.y 12y(y + l) 



Trigonometric I. | sin .v </.v = -cos .v + C 8. | esc 2 x dx = -cot x + C 

Forms 

2. | cos .v dx = sin .v + C 9. | sec x tan .v tlx = sec .v + C 

3. | Ian .v </.v = - log |cos .v| + C 10. | esc .v cot .v dx = -esc .v + C 

4. | cot x dx = log |sin .v | + C II.) sin 2 x dx = 4x - { sin 2x + C 

5. | sec x rfx = log |sec .v + tan x| + C 12. ) cos 2 x dx = $x + j sin 2.x + C 

6. f esc x dx = -log |csc x + cot x| + C 13. f tan 2 x dx = tan x - x + C 

7. [ sec 2 x </x = tan x + C 

14. | sec 3 x rfx = i sec x tan x + i log |sec x + tan x| + C 

15. [ sin 4 x dx = ~i sin 3 x cos x - f sin x cos x + + C 

16. f cos* x rfx = i cos 3 x sin x + f cos x sin x + fx + C 

17. [ sin" x rfx = - - sin"" 1 x cos x + f sin"" 2 x dx 

18. f cos" x dx = - cos"" 1 x sin x + f cos"" 2 x dx 

J n n J 

19. f tan" x dx = — !— tan"" 1 x - f tan"" 2 x dx 
•' n — 1 .' 

20. fcot"xrfx = ^— cot"" ! x- fcot"" 2 xrfx 

J n — 1 J 

sec" x dx = sec" -2 x tan x + f sec"" 2 x rfx 

n - 1 « - l J 

22. [csc"xrfx = -csc"~ 2 xcotx + "~ f esc"" 2 x rfx 

n - 1 n - 1 J 

f 1 1 

23. I sin ax sin i>x rfx = - sin(« + *>)x + s in(a - i)x + C 

' 2(a + o) 2(a — b) 

24. | cos ox cos bx dx = — — — sin(a + b)x + —i- sin(a - b)x + C 

2{a + b) 2(a — b) ' 

25. f sir. ax cos f>x rfx » - ■— — cos(a + b)x - 1 C os(a - f>)x + C 

26. [ x sin x rfx = -x cos x + sin x + C 

27. [ x cos x rfx = x sin x + cos x + C 

28. j x 2 sin x rfx = -x 2 cos x + 2x sin x + 2 cos x + C 



29. J x 2 cos x tlx = x 1 sin x + 2x cos x — 2 sin x + C 

30. j je" sin .v Jx - — .V cos x + nj x*~ ' cos .v rfx 

31. J x* cos .v tlx = x" sin x — n j x* ~ 1 sin x Jx 
sin"" 1 .v cos" + ' x m — 1 



„. f . _ . . sin .v cos^ ' x ;ii — I r 
32. sin" .v cos* x dx = - + sin"" 2 x cos" .x dx 

J m + n m + n> 

sin"* 1 .v cos*"' x n—lr. , 
= ■ — + - I sin x cos" .x dx 

m + n »i + n J 



Inverse 33. f arcsin x dx = .v arcsin x + y/\ - x 2 + C 
Trigonometric Forms 

34. [ arccos x dx — x arccos x — y/\ — x 2 + C 

35. J arctan x dx = x arctan x - jtog(x 2 + 1 ) + C 

36. J arccot x rfx = x arccot x + i log(x 2 + 1) + C 

37. | arcsec x rfx = x arcsec x - log |x + y/x 2 — 1\ + C 

38. J arccsc x rfx = x arccsc x + log |x + Jx 1 - 1| + C 

Exponential 39. f </x «. V + C 43. f xV rfx = — - — f x"" V dx + C 

and Logarithmic J log a log a J 

Forms 40. jVrfx = _ + C 44. J- dx = log |x| + C 

41. J xe* rfx = x<r* - e* + C 45. | log x dx = x log x - x + C 

42. j xV rfx = xV - n j x""V rfx 

46. | (log x)" rfx = x(Iog xf-nj (log x)"" l dx 

47. f — — rfx = log llog x| + C 

x log x 



48. fx"logxrfx = -i-x" +l logx- / * x"+'+C 
J n + 1 (« + 1) 

r e" 

49. sin 6x rfx = -= — (a sin bx — b cos bx) + C 
J a 1 + b 2 ' 

t c" 

50. e** cos f>x rfx = — — ~~z (a cos bx + b sin bx) + C 
•' a 2 + 6 2 



Hyperbolic Forms 51. J sinh x rfx = cosh x + C 54. j coth x dx = log |sinh x | + C 

52. J cosh x rfx = sinh x + C 55. J sech x rfx = arctan (sinh x) + C 

53. f tanh x rfx = log cosh x + C 56. ( csch x rfx = log |tanh ix\ + C 



57. f sech 2 .v .-/.v = tanh x + C 

58. | csch 2 .v </a- = -coth x + C 



60. | csch .v coth x dx = -csch x + C 

61. [ sinh 2 x tlx = i sinh 2x — $x + c 



59. j sech v tanh a dx = - sech x + C 62. f cosh 2 v </.v = i sinh 2x + ±x + C 

63. f^sinh/>.v</.v = 

64. | (f x cosh hx dx 



t e** 
63. 1 1" sinh bx dx = 2 ^ (a sinh hx - h cosh bx) + C 



2 2 (a cosh bx — b sinh bx) + C 



a 2 - h 2 



Forms 65. f 2 - 2 dx = log 
Involving a 2 - x 2 ' a ~* ~" 

66. I --==■- -dx = arcsin - + C 



x + a 
x — a 



+ C 



67. 



\ y j^ x >dx = \ s firr x -i + * 



. arcsin - + C 
2 a 



68. f x V« 2 - * J <** = 5 ( 2 * 2 - a V fl2 - * 2 + ^- arcsin ^ + C 

■* o 8 fl 



69. 



+ C 



1 



<f.x = — Ja 1 — x 2 — arcsin - + C 

a 



+ C 



70. f 

J x" x 

f * 2 . x ri 1 fl2 • x „ 

7L l^i_ x 2 dx " " 2^° ~ * + I arCSm a + C 

72. f i -'log <L±J°EZ 

} xja 2 -x 2 a x 

73. f dx =-4~ nA 2 ^* 2 + C 
} x 2 ^/a 2 -x 2 ax 

74. f (a 2 - x 2 ) 3 ' 2 dx = - i (2x 2 - Sa 2 )^?" 1 "^ + ~ arcsin X + C 

* 8 8 £3 



(a 2 - x 2 ) 



</x = 



aVa 2 - x 2 



+ C 



Forms 76. f 2 dx = - arctan * + C 
Involving x 2 + a 2 x +a a ° 2 

77. f s /x T + ~^ dx = ^7?+^ + ylog|x + y /x T +a t \ + C 

78. f xVx 2 T? dx = ~ (2x 2 + a^^SFT? - ~ log |x + JPT7-\ + C 

o 8 

to f\A 2 ^" a2 -j rm , a + Jx 2 +a 2 

79. dx = N /x z + a z - a log 

•' x 

80. r>A!±Z 



+ C 



dx =- V ^ r ° - + log |x + yx 2 +" a 2 i + c 



81. f (x 2 + a 2 ) 312 dx = X - (2x 2 + 5a 2 K/? + a 2 + 3 f log fx + Jx^+a^ + C 
* o 8 



82. f rfx = log |.v + Jx 2 + a 1 1 + C = sinh " ' * + C 

• v /.x 2 + a 2 a 

.2 2 

f * rf.v = 'I v'.v 2 + a 2 - 11 log |.v + y.v 2 + « 2 1 + r 
a + y.v 2 + a 2 



83. 
84. 



| 1 rf.v = - ' log 
' .x/x 2 + a 2 « 

I 



+ C= - 'sinh" 1 " + C 
a .v 



v/.x 2 + a 2 



+ C 



85. | </.x 
•' x \/.x 2 + a 2 a-x 

86. I" ' , 4 ,,,rfx = , * + C 
.'(.x 2 + fl 2 ) J ' 2 a\/x 2 + a 2 



Involving x 2 - a 2 



Forms 87. I ,-- — ,dx=* log 
•' .v — a- 2a 



x — a 
x + a 



+ C 
+ C 



„„ i ' 1 

88. -.: ~ . - dx = arcsec 

•■ xy* 2 - <j 2 « 

89. f ^x 2 -a* tfx - - Jx 2 - a 1 - °~ log |.x + Jx 2 - a 2 \ + C 

90. I x 2 y /x T ^ 2 dx = I (2x 2 - a 2 )/x 2 - a 2 - log |x + s /x 2 -a 2 \ + C 



91. 



+ c 



</x = ,/x 2 - a 2 - a arcsec 
: dx = - ■» + log |x + V? ~a 2 \ + C 



92. | 1 

93. f (x 2 - a 2 ) 3 ' 2 dx = I (2x 2 - 5a 2 \fx^'a 2 + 3 "* log |x + Jx^'-a 2 1 + C 



94. 



95. 



Jx^a- 



dx = log |x + s /x 2 -a 2 \ + C = cosh" 1 + C 



I' X dr = f ./x 1 ^ 2 " + -- log |x + Jx 2 - a 2 | + C 



Jx^a 



96. j" 



,x = ^ + C 
ax 



91 ■ f(x 2 -a 2 ) 3 ' 2<fx ~ 



a\/x 2 - a : 



+ C 



Involving a + bx 



Forms «< f X — </ Y = X (a + fcx - aloe !a + ix|) + C 
• ! a + bx b~ 



99 
100. 
101. 
102. 



\^Tx dx = b> 



(a + bx) 1 - 2a(a + bx) + a 2 log \a + bx\ 

i'^^=|(^x + ,0g J fl + ^l) +C 

^ (a + bx ^r- - 2a log \a + bx\ ) + C 

> 3 \ a + bx } 



+ C 



- — : -= dx = -ri I a + bx , 

(a + bx) 2 b 3 \ a + bx 



, | . > dx = - log 
x(a + bx) a 



a + bx 



+ C 



Forms 
Involving ya + bx 



Forms 



Involving J2ax - x 2 



M c I , I b a + bx 

°-M.v^ + /,.v)' ,V =-,v + ^ ,0g .v +C 

04 f -v(« + bx) 2 * = „(„ Ibx) + I ' 0g | a | + C 



05. f xja + bx dx = ^ (3frx - 2a)(a + bx) 3 ' 2 + C 



06. | x" y /a + bxdx = 



l\"(a + bx) 312 2un 



b(2n + 3) b(2n + 3) 



zun f _ . r— 



07. f dx = ~ (fcx - 2a)Ja + bx + C 
■ y/a + bx * h 

08. f -£ ^= 2 ^ + ^ 2fl " 

t / '° g 

09. f /-- -/.vH 7 : 

+ /^arctan 

!0_J' 1 _ Jx = _ jy/ttJOL. _ i?(2 ".~. 3 J f ' 

3 «« ' o(n- IW""' 2a(n — 1) J x »- 1 Ja~+b~x 



y/a + bx Jan ? x" ' 
2n+l) ~ b(2n+l)} J a + hx 
y/o + bx - J a 
y/a + bx + 



</x 



+ C ifa>0 



+ C 



Jfa<0 
1 



x*y/a + bx ' 4" ~ 0*" 
1 ,. f v^+. fcY dx = 2 /^f ft* + a f —4= 



ox 



J " > « a(n _ x)x n- . 2a(n - 1) J X"" 1 



(a + J>x) 3 ' 2 b(2n - 5) f ^/aTfcx 



13. f y/2ax - x 2 dx = X y^ - x 2 + y arccos |l - *jj + C 
,4. J 
,5.1 



J Xy/2ax - x 2 dx = — °* 3a ^ox - x 2 + y arccos| 1 - *j j + C 



rfx = v /2ax — x 2 + a i 



«> y 

.7. J 



^flx — x 2 _ 2y/2ax — x 2 



• arccos 



: dx = arccos 



(-3 



H) 
(-3 



+ c 
+ c 



+ c 



^x - x 2 

18. f , X dx = -J2ax-x 2 + a arccos 1 1 - - 1 + C 
72AX - x 2 \ "I 

( x 2 , x + 3a it j 3a 2 / x\ „ 

, dx = J2ax — x 1 + ~~ arccos 1 — I + C 

] yflax-x 2 2 v 2 \ a) 

'•I: 



y/2a~x"-x 2 
21. j -z -^,- 5 </x = 



^ = _y 2 _ fl x-x 2 + c 



ax 

x — a 



(2ax-x 2 ) 3 ' 2 ■ a^ax^ 2 



+ C 
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; 2lu ^ n» Luti 

CjI jLni.SU jU (pj*5 UuiL.) (jjuij jj JjLSjjj : AjLoI&II eft jUuJI (© 

lilloll AjtxLa. Cllc jilax 4 f^J^' <-a^-J .J ' AjLbliull CjVjl*-all lllbjlaj ^1 

jJ » jjj ja U-L.) AjLbUill dV » JSU, ^bj^ (V 
. Y • • o t AJijli jb 4 £jl j ^ySc frlij .j t jjibc. i_jUj1I 



